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PREPATOEY NOTE 

The purpose of this monograph is to present in a conseca* 
tive form the principal features of abstract and substitution 
group theory. The development of this branch of mathe- 
matics has been very rapid, especially in the last few yearS| 
and consequently there is much of great value to be found 
in a more or less fragmentary form throughout the various 
mathematical journals that has yet to be collected and dis- 
cussed. It has been my purpose to examine in detail all 
memoirs dealing directly with such group theory (exdud- 
ingy in particular, that of linear groups) and to construct 
from this material a continuous treatise on the subject.- 

In order to secure uniformity of terminology and method 
I may seem to have taken liberties with the work of otherSi 
I trust that such will not be found unwarranted. The 
amount of space at my disposal has compelled me to omit 
all proofs; instead I have given with each theorenl or 
definition a reference to nearly every souroOi original or 
secondary. Corrections or additions will be most gratefully 
appredated. 

It is proper to add that as I was granted a Harrison 
Senior Fellowship to obtain opportunity for revising this 
work, its present form differs materially from that presented 
in May of 1901 to the Faculty of Philosophy of the Univer- 
sity of Pennsylvania as a dissertation in partial fulfilment 
of the requirements for the degree of Doctor of Philosophy. 
The original draft was devoted to substitution theory alone 
and contained foil proofs, with references to only the prin- 
cipal treatises. 

» * * 

To the authorities of the Columbia College Library and 
the Munich Staatsbibliothek I wish to express my acknowl- 
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edgment of many oonrtesies extended to me. My deepest 
tiianks Are dne to Dr. O. H. Hallett, under whoee direotion 
this dissertation was written and to whose inspiration it 
owes whatever merit it may possess. And I wish to 
acknowledge my especial gratitode to VtoL E. S. Crawley 
for his continnal assistance and enconragement| without 
which this work would have been impossible. 

BuKTON Soon Easiov. 
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EXPLANATION OP REFERENCES 

Papers are arranged in this bibliography in fhe order in 
which they were written (not publiBhed) by the author. 
The dates are those of publication. A f denotes that the 
paper has been examined in a review, a ff that only the 
title is known to the writer. Otherwise all papers have 
been examined. [ ] inclose reprints or references to re- 
prints. An * denotes that a theorem referred to is incom- 
plete or not quite identical with that given. All references 
are to pages,— e. g., Bg2y 220 is a reference to page 220 of 
Bagnera's second paper. 
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Bbo BrioBchi (Franoefloo). \T5ik teorema suUa teoria 
delle soBtitazionL Lombard. Bendicontiy (2), 12, pp. 
483-486, 1879. 

Br Brown (Geoige Linooln). 1. Note on Holder's 
theorem concerning the constancy of factor groups. AB, 1, 
pp. 232-234, 1895. 

Bra Brunei (G.). l.f Snr nn groope d'op6rations. 
Bordeaux Proc Verb., 1896-7, pp. 30-38. 2.\ Une suite 
remarquable d'op6rations. Bo., pp. 86-90. 3. Lex deux 
syst&mes de triades de treize £16ments. LJ, (6), 7, pp. 306- 
830, 1901. 

Bu Burkhaidt (Heinrich). Endliche discrete Gruppen. 
EM, 1, pp. 208-226, 1899. 1. Die Anfange der Gruppen- 
theorie und Paolo Buffini. ZM, 37, Sup., pp. 119^169, 
1892. [Italian in AiM, (2), 22, pp. 174-213, 1894.] 

B Burnside (William). Theory of groups of finite order, 
pp. 388, Cambridge, 1897. 1. On a property of linear sub- 
stitutions. M, 20, pp. 163-166, 1891. 2. On the theory of 
groups. M, 23, pp. 60-66, 1893, 24, pp. 191-192, 1896. 
3. On the tiieory of groups. LP, 26, pp. 9-18, 1893. 4. 
The theory of groups and Sarkman's problem, M, 23, pp. 
137-143, 1894. 6. A dass of groups defined by congru- 
ences, (1) . LP, 26, pp. 113-139, 1894. 6. Certain composite 
groups. M, 24, pp. 82-96, 1894. 7. AcIass-(2)LP,26,pp. 
68-106, 1894. 8. On the theory of groups, (2). LP, 26, 
pp. 191-214, 1896. 9. Do., (3). Do., pp. 326-838. 10. 
Doubly-transitive groups of dqpree n and order n{n — 1). 
M, 26, pp. 147-163, 1896. 11. Do. of d^ree 2" and order 
2"(2* — 1). Do., pp. 187-189. 12. The isomorphism of a 
group with itself . LP, 27, pp. 364^67,1896. 13. Note on 
the symmetric group. LP, 28, pp. 119-129, 1896. 14. 
The representation of a group of finite order as a substtiu- 
tion group. M, 28, pp. 102-103, 116, 1898. 16. A dass 
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of gronps of finite order. Btokee' PaperSi Cambridge, pp. 
269-276, 1899. 16. The fdmple group of order 604. Miii 
52, pp. 174-176, 1899. 17. Transitive groups of degree n 
and class n — 1. LP, 32, pp. 240-246. 18. On the symmetrie 
group. M, 30, pp. 148-153, 1901. 19. On gronp character- 
istics. LP, 33, pp. 146-162, 1900. 20. Properties of gronps 
of odd order, (1). LP, 33, pp. 162-185, 1900. 21. Bo., (2). 
Do., pp. 257-268. 22. On gronps which contain 1 + S^ or 
1 + 4p subgroups of order j>^ M, 31, pp. 77-81, 1901. 28. 
The composition of group characteristics. LP, 84, pp. 41* 
48, 1901. 

BP Bumside (William Snow) and Panton (Arthur 
William). Theory of equations. Fourth edition, YoL 2, 
pp. 228-277. Cambridge, 1899. 

Co Cacdanino (Antonio), ft Eeqposizione di prindpij 
da cui Buffini deriva la sua dimostrazione sull'impoesibilitiL 
della soluraone algebraica ddle equaadoni superior! al quarto 
grado. Venice '' Memorie,'' 1, pt. 2, pp. 3-16, 1817 (?). 

CI Caldarera (G.). 1. fLe sostituzioni rappresentate 
medianti trasposizionL Catania Atti, (4), 9, pp. 16, 1896. 

Cn Cantor (O.). Algebnusdie Notiz. MA, 6, pp. 188* 
134, 1871. 

Q> Capelli (Alfredo). fLezioni di algebra, pp. 627, 
Naples, Pellerano, 1895. Second edition, pp. 680, 1898. 
Third, pp. 714, 1902. 1. Due propietil numeriche offerte^ 
della teoria ddle sostituzioni ed osseryadoni sopra le sosti- 
tuzioni permutabili con una sostitudone data. OM, 14, pp. 
16-74, 1876. 2. I yalori di una f undone lineare. Do., pp. 
141-145. 3. L'isomorfismo dd gruppi di sostitudonL 
OM, 16, pp. 32-87, 1878. 4. La composidone dd gruppi 
di sostitudoni. LnM, (3), 19, pp. 262-272, 1884. pinB, 
(3), 8, pp. 162-163, 1884.] 5. SuUe generatrid dd gmppo 
dmmetrico. OM, 35, pp. 354-355, 1897. 

CpO Capdli (Alfredo) and Oarbieri (O.). fCorsodi 
analid algebrica. pp. 511, Padua, Sacdietto, 1886. 
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Gt Cartan (R). 1. Sor on theor&me de M. Berferand. 
FB, 22| pp. 230-284, 1894. [CB, 119, p. 902, 1894.] 

Ch Gaachy (Angnsfcin Louis). Oeayres. Two series, 
Paris, Oaathier-Yillars, 1882 — in progress. 1. Le nombre 
de Yaleurs qa'nne fonction peat aoqu£rir. &P, 17, pp. 1- 
28, 1814. 2. Les f onctions qai ne peuvent obtenir que deux 
valeurs £gales et de signes contraires. Do., pp. 29-112. 8. 
Les arrangements qne Ton peat former avec des lettres 
donntes. Ezerdces d' Analyse, 3, pp. 151-262, 1844. The 
following are in CB, 21, 1845 [(1), vol. 9] . 4. Les nombres 
de valears qae peot acqa6rir ane fonction. 593-607, 668- 
679, 727-742, 779-797. [277-341]. 5. Diverses propri6tte 
des sabstitations et des systdmes des sabstitations. 835- 
852,895-902,931-933,972-987,1025-1042. [342-405]. 6. 
Bapport sar an mimoire de M. Bertrand. 1042-1044. 
[405-407]. 7. Le premier terme de la serie des qaantit£s 
qai sont propres ik representer le nombre de valears distinctes 
d' ane fonction. 1093-1102. [408-417]. 8. La relation 
des 6qaations lin6aires symboliqaes. 1123-1134. [417- 
430]. 9. Les sabstitations permatables entre elles. 1188- 
1199. [430-442]. 10. La redaction des f onctions transit! ves 
aax f onctions intransitives et sar qaelqaes propri6t6s des 
sabstitations qai n'alt^nt pas la valear d'ane fonction 
transitive. 1199-1201. [442-444]. 11. Les sabstitations 
qai n'altdrent pas la valear d'ane fonction, et sar la forme 
r^gnli^re qae prennent toajoars celles d'entre elles qai 
renferme an moindre nombre de variables. 1234-1238. 
[444-448]. 12. Diverses propri6t6s de syst&mes de sabsti- 
tations, et paHdcalidrement de oeaz qai sont permatables 
entre eax. 1238-1254. [449-465]. 13. Les f onctions car- 
act6ristiqaes de sabstitations. 1254-1256. [466-467]. 14. 
Le nombre et la forme de sabstitations qai n'altdrent pas la 
valear d'ane fonction. 1287-1300. [467-482]. 15. Ap- 
plication des prindpes 6tablis dans les pr6c6dents m^moires. 
1356-1369. [482-496]. 16. Les fonctions de dnq on six 
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variables, (1). 1401-Ull. [496^605]. The foUowing are 
in OR, 22, 1846. [(1), vol. 10.] 17. Do., (2), 2-81. [6- 
86]. 18. Un nouvean calcnl qui pramet de dmplifier el 
d'6teiidre la th6orie dee permntationa. 58-88. [85-47]. 

19. Application8 da noaveaa calcoL 99-107. [47-55]. 

20. Un thforime relatif k denx syst&mes de snbetitations 
oonjngntoi. 630-682. [65-68]. 

G Gayley (Arthur). Works, 18 vols., Cambridge, 1889- 
1897. 1. On the theory of gronps as depending on the 
symbolic equation ^—1, (1). PH, (4), pp. 40-47, 1854. 
[2, pp. 128-130]. 2. Do., (2). Do., pp. 408-409. [2, pp. 
131-132]. 8. Do., (8). PM, (4), 18, pp. 84-87, 1859. 
[4, pp. 88-91]. 4. Beoent terminology in mathematics. 
English Cyclopedia, 5, p. 586, 1860. [4, p. 596] • 6. Mr. 
Jerrard's researches on the eqoation of the fifth order. PM, 
(4), 21, pp. 210-214, 1861. [5, pp. 50^54]. 6. Note on 
tiie solution of an equation of the fifth order. PM, (4), 
28, pp. 195-196, 1862. 7. Final remarks on Mr. Jerrard's 
theory. PM, (4), 24, p. 290, 1862. 8. From a Smith's 
Prize paper. Oxford Messenger, 4, p. 201, 1868. [8, p. 
414]. 9. Thfor&me rdatif k la thiorie des substitutions. 
CB, 67, pp. 784-785, 1868. [7, p. 47] . 10. The solvabiUty 
of equations by means of radicals. PM, (4), 86, pp. 886- 
887, 1868. [7, pp. 18-14]. 11. A problem from the ET. 
ET, 15, pp. 66-67, 1871. [10, p. 574]. 12. From a 
Smith's Prize paper. M, 6, pp. 175-176, 1877. [10, p. 
41]. 13. The theory of groups. AJ, 1, pp. 50-62, 1878. 
[10, pp. 401-403]. 14. A theorem on groups. MA, 18, 
pp. 561-565, 1878. [10, pp. 149-152]. 15. Thetheoiyot 
groups. LP, 9, pp. 126-188, 1878. [10, pp. 824-880]. 
16. The theory of groups ; graphical representation. A^T, 
1, pp. 174-176, 1878. [10, pp. 408-405]. 17. Equation. 
Encyc. Brit., 8, pp. 508-9, 1878. [11, pp. 518-621]. 18. 
The theory of groups. A J, 11, 189-157, 1889. [12, 689- 
656]. 19. The substitution groups for 2-7 letters. QJ, 
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25, pp. 7t-88, 187-166, 1890 and 1891. [18, pp. 117-U9]. 
20. The so-called qaottent O/H. AJ, 16, pp. 887-888, 
1898. [18, pp. 886-^7]. 21. lUastirations of Sylow's 
tiieorems. M, 28, pp. 69-62, 1894. [18, pp. 680-688] . 

Ob ^iJeaaro (Ernesto). 1. Alcnnedementari propriety dei 
grapprpiilToltetranalivL OM, 22, pp. 47-M, 1884. [NA, 
(8), 8, pp. 471-476,1884. (French).] 2. Intomoatalani 
gmppi di operazionL LnB, (4), 2, pt. 2, pp. 86-89, 1886. 

Cr Chrystal (O.). Algebra. VoL 2, pp. 26-82. 1889. 

Ck OocUe (James). Les fonctions de qnalare el de dnq 
lettres. LJ, (2), 1, pp. 888^884, 1866. 

Oo Cole (Fnuik Nelson). 1. A contribution to the 
theory of the general equation of the sixth degree. AJ, 8, 
pp. 266-286, 1886. 2. Klein's Ikosaeder. AJ, 9, pp. 46- 
61, 1887. 8. Simple groups from order 201 to order 600. 
AJ, 14, pp. 878-888, 1892. 4. As ftr as order 660. AJ, 
16, pp. 808-816, 1898. 6. Note on the substitution groups 
of six, seven and eight letters. NT, 2, pp. 184-190, 1898. 
6. The transitiye substitution groups of nine letters. Do., 
260-268. 7. list of the substitution groups of nine letters. 
QJ, 26, pp. 872-888, 1898. 8. On a certain simple group. 
CP, pp. 40^8. 9. List of the transitiye substitution groups 
of ten and eleven letters. QJ, 27, pp. 89-60, 1894. 

CioO Cole (Frank Nelson) and ,01over (James Water- 
man). On groups whose orders are the products of three 
prime factors. AJ, 16, pp. 191-220, 1898. 

Db Barbi (G.). 1. Bulle equazioni di quarto grado 
OM, 88, pp. 168-164, 1900. 

Dt Davis (Ellery Williams). 1. The factors of compo- 
ntion. AJ, 19, p. 191, 1897. ^ 

Dd Dedekind (Bichard). Die Theorie der ganzen al- 
gebraischen Zahlen. In IHrichlet's '* Zahlentheorie," ed. 
4, pp. 484-667, 1898. Less fully in ed. 8 (1880) and ed. 2 
(1871). 1. Gruppen, deren sammtliche Theiler Normal- 
theUer sind. MA, 48, pp. 648-661, 1897. 
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Dz Demeezky. !• Bar la thforie des sabstitattons 
6chftngeables. CB, 120, pp. 89-42| 1885. 

Dp DespeyroQS. 1. La &6orie g6n6rale des permnte- 
tiona. Uf (2), 6| pp. 417-439, 1861. 2. Les nombreB de 
valenrs des fonctiotis. LJ, (2), 10, pp. 66-64, 1866. 8. 
Classification des permutations en gronpes de permntations 
ins6perables. LJ, (2), 10, pp. 177-202, 1866. 4. Les 
Equations de degr£ premier rteolubles algibriquemenib 
liJ, (2),li,pp.8-38, 1866. 6. tt^^^^^^^^^^l^^^^^ 
tions de degr6 oompo86 r£solabIes alg^briqaement. Bevne 
des Sod^tte savantes, 6, pp. 846 +, 1865. 

D Dickson (Leonard Eugene). linear groups with an 
exposition of the Galois Fidd theory. Pp. 812, Ldpeie, 
Teubner, 1901. M. 12. ($4.00). 1. Analytic functi<»is 
suitable to represent substitutions. AJ, 18, pp. 210-218, 
1896. 2. The analytic representation of substitutions on a 
power of a prime number of letters with a discussion of the 
linear group. Diss. Chicago, AnM, (1), 11, pp. 66-120, 
161-183, 1897. 8. A triply infinite system of simple 
groups. QJ, 29, pp. 169-178, 1897. 4. Slystems of con- 
tinuous and discontinuous simple groups. AB, 8, pp. 266- 
278, 1897. 6. The first hypoabdian group generalised. 
QJ, 30, pp. 1-16, 1898. 6. Orthogonal group in a Galds 
Fidd. AB, 4, pp. 196-200, 1898. 7. Systems of simple 
groups from the orthogonal group, (1). California Proceed- 
ings, (3), 1, pp. 29-46, 1898. [AB, 4, pp. 382-887, 1898.] 
8. The hypoabdian group. AB, 4, pp. 496-610, 1898. 9. 
Systems -, (2). California Plroceedings, (8), 1, pp. 47- 
67, 1899. [AB, 4, pp. 387-389, 1898.] 10. Certain lin- 
ear groups with quadratic invariants. LP, 30, pp. 70-4)8, 
1898. [AB, 6, pp. 10-12, 1898.] 11. All linear homoge- 
neous groups in a Gkilois Fidd whidi are defined by a quad- 
ratic invariant. AJ, 21, pp. 193-266, 1899. 12. Slmpli- 
dty of the Abelian group on two pairs of indices in tha 
Galois Ildd of order 2", n > 1. QJ, 80, pp. 888-884, 1899. 



^i^"«VMPP|P 



mmm^Bm 



mm 



nfmmmmim 



^mmmi 



-ir ^.. ..■-^^, . 



rfLdHMMMMMMiMMi 



MMMMtaMUMMMMM 



mmt 



IMM 



~'^\ 



14 ABSTRACT QR0UF8 AND 8UB8TITOT10N QBOUFB 



18. The linear homogeneoos groape defined by the invariant 
K^i + ^ + ••• + ^•^. HA, 52, pp. 561^81, 1899. 14. 
The known finite simple groups. AB, 5, pp. 470-475, 
1899. 15. The foor known simple linear groups of order 
25920 and the hyperabelian groups. LP, 81, pp. 80-68, 

1899. 16. Plusieursgroupeslinfoiresisomorphesaugroupe 
simple d'ordre 25920. CB, 128, pp. 878-875, 1899. 17. 
Beport on the recent progress in the theory of linear 
groups. AB, 6, pp. 18-27, 1899. 18. The abelian, the 
two hypoabelian, and related linear groups as quotient 
groups of the groups of isomorphisms of certain elemen- 
tary groups. AT, 1, pp. 30-38, 1900. 19. The abstract 
group isomorphic with the symmetric group on h let- 
ters. LP, 31, pp. 351--353, 1899. 20. An abstract simple 
group of order 25920. LP, 32, pp. 8-10, 1900. 21. The 
cyclic subgroups of the simple group of all linear fractional 
substitutions of determinant unily in two non-homogeneous 
variables with coefiBicients in an arbitrary Galois field. 
AJ, 22, pp. 231-252, 1900. 22. The non-isomorphism of 
the simple abelian group on 2m indices and the simple 
orthogonal group on 2ni + 1 indices. QJ, 82, pp. 42-68, 

1900. 28. An abstract simple group of order 2* • 3* • 5 • 7 
holoedrically isomorphic with a certain orthogonal group 
and a certain hyperabelian group. AT, 1, pp. 353-370, 
1900. [AB, 6, pp. 379-380.] 24. Two triply infinite sys- 
tems of non-isomorphic simple groups of equal order. AB, 
6, pp. 276-277, 1900. 25. Isomorphism between certain 
systems of simple linear groups. AB, 6, pp. 323-328, 1900. 
26. The alternating group on eight letters and the quater- 
nary linear congruence group modulo two. MA, 54, pp. 
564-569, 1901. 27. A class of groups in an arbitrary realm 
connected with the configuration of the 27 lines of a cubic 
surface. QJ, 33, pp. 145-173, 1901. 28. Canonical forms 
of quaternary abelian substitutions in an arbitrary Galois 
field. AT, 2, pp. 103-138, 1901. 29. Bepresentation of 
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linear groups as transitdye Babstitation groups. AJ, 28, 
! pp. 337-377, 1901. 30. The hyperorUiogonal groaps. MA, 
I 55, 521-572, 1902. [AB, 7, pp. 376-377, 1901.] 31. 
[ Linear groups in an arbitrary field. AT, 2, pp. 363-394, 
i 1901. 32. Cyclic subgroups of the simple ternary linear 
I group. AJ, 24, pp. 1-12, 1902. 33. The 27 lines on a cubic 
surface and the 28 bitangents to a quartic curve. AB, 8, 
■: pp. 63-70, 1901. 34. The group defined for any given 
field by the multiplication table of any given finite group. 
1 AT, 3, pp. 285-301, 1902. 

] Do Dolbnia(J.). 1. Surle entire de Galois concemant 
I r6solubflit6 des equations. NA, (3), 7, pp. 467-485, 1888. 
I [Kasan Society, 7, pp. 223-240, 1889.] La formation pre- 
cise des radnes des Equations. DB, (2), 18, pp. 130-143, 
1894. [Moscow Society, (4), 17, pp. 801-819, 1895. Bus- 
sian.] 3. La resolution alg^brique des equations de d^gr6 
premier. DB, (2), 19, pp. 27-32, 1896. 

Dr Drach ( Jides). 1. Une th6orie gdn6rale de Tintft- 
gration et sur la classification des transcendantes. icS, 
(3), 15, pp. 243-384, 1898. 

Dy Dyck (Walther). 1. Oruppe und Lrrationalitafe 
regidarer Biemann'schen Flachen. MA, 17, pp. 473-^609, 
1881. 2. Oruppentheoretische Studien, (1). MA, 20, pp. 
1-44, 1882. [Teubner.] 3. Do., (2). MA, 22, pp. 70- 
108, 1883. [CB, 96, pp. 1024-1026.] 

E Ech^garay ( Jos6) . Besoluci6n de ecuadones y teoria 
de Galois, pp. 272, Madrid, Garcia, 1897. F. 13. 

Ef Ermakoff (W. P.). ff Algebraic equations resolv* 
able by radicals. Kief Bulletin, 1901, noe. 5, 6b, pp. 1- 
101. (Bussian.) 

Fi Fite (William Benjamin). 1. Groups of cogredient 
isomorphisms that are abelian. AB, 6, p. 11, 1899. 2. 
The metabelian groups whose invariant operatcMrs form a 
cyclical subgroup. American Association for Advancement 
of Science, 49, pp. 41-42, 1900. [AB, 7, p. 86, 1900.] t. 
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Metabeliaa groaps that cannot be groups of oogredient iflo- 
morphisms. AB, 7, p. 296| 1901. 4. The class of a group 
of order j>* that contains an operator of order f^ or p**^. 
AB, 8, pp. 236-239, 1902. [p. 196.] 6. Metabelian 
groups. AT, Bj pp. S31-353| 1902. 6. A properly of 
groups of odd order. AB, 8, p. 274, 1902. 

Fg Foglini (O.). 1. t^^ll® sostituzioni e della loro 
applicaadone delle equazioni algebriche. Kuovi LinceL 
Memorie. 3, pp. S-OO, 1888. 2. Do. Do., 7, pp. 176-272, 
1891. 

Ft Frattini (Oiovanni). 1. I gruppi transitiyt di 
sostituzioni dell'istesso ordine e grade. LnM, (8), 8, pp. 
143-172, 1883. [LnB,(8), 7, pp. 127-128.] 2. Alcune 
proposizioni della teoria deUe sostituzioni. LnM, (8), 18, 
pp. 487-618, 1884. [LnB, (8), 8, pp. 96-96, 1884.] 8. I 
gruppi a h dimensioni. LnB, (8), 8, pp. 260-264, 1884. 
4. Intomo alia generaaone dei gruppi di operazi<mL LnB, 
(4), 1, pp. 281-286, 466-466, 1886. 6. Do., e ad un teo- 
remad'aritmetica. LnB, (4), 2, pt. 1, pp. 16-19, 1886. 6. 
Estenzione ed inversione d'un teorema d'aritmetica. LnB, 
(4), 2, pt. 1, pp. 132-186, 1886. 

Fk Fricke (Bobert). 1. Eine einfache Gruppe Ton 604 
Operationen. MA, 62, pp. 821-339, 1899. [DY, 7, pt 1, 
pp. 66-66, 1899.] 

F Frobenius (Gtoorg). 1. Neuer Beweis des Sylow'- 
schen Satzes. OJ, 100, pp. 179-181, 1886. 2. Die Oon- 
gruenz nach dnem aus zwei endlichen Gruppen gebildeten 
Doppelmodul. GJ, 101, pp. 273-299, 1887. 3. Auflosbare 
Gruppen, (1). BB, 1893, pp. 337-346. 4. Endliche Grup- 
pen. BB, 1896, pp. 163-194. 6. Verallgemeinerung des 
Sylow'schen Satzes. BB, 1896, pp. 981-993. 6. Auflos- 
bare Gruppen, (2). BB, 1896, pp. 1027-1044. 7. Die 
Beziehung zwisdien dea Frimidealen eines algebraischen 
KOrpers und den Substitutionen seiner Gruppe. BB, 1896, 
pp. 689-708. 8. Gruppencharaktere. BB, 1896, pp. 986- 



,s 



\ 



\ 



;?!ii4m^a^^,ii p .. ' u. y j 



IPPPWIP^^JP"*"!^ 



P*«i9WR^i9PHP 



' j^- A'Aaat^ i.4>S;^>. 



ABSTRACT QEOUFS AND BUB8TITUTZ0K GBOUFB 17 



1021. 9. Die Primfactoren der Grappendetorminaiito. 
BBy I8969 pp. 1843-1382. 10. Die DarsteUnDg der end- 
lichen Gmppen dorch lineare Sabstitotionen, (1). BB, 1897|' 
pp. 994-1016. 11. Belationen zwischen den Charakteren 
einer Gmppe nnd denen ihrer Untergmppen. BB, 1898, pp. 
501-615. 12. Die Composition der Charaktere. BByl899, 
pp. 330-339. 13. Die Daratellang • • , (2). BB, 1899, pp. 
482^500. 14. Die Charaktere der Bymmetriachen Gmppe. 
BBy 1900, pp. 616-634. 16. Die Charaktere der alter- 
nirenden Gmppe. BB, 1901, pp. 303-316. 16. Anfloebare 
Gmppen, (3). Do., pp. 849-867. 17. Do., (4), pp. 1216- 
1230. 18. Do., (5), pp. 1324-1329. 19. Gmppen dee 
Grades p oder p + 1. BB, 1902, pp. 361-369. 20. Frind- 
live Gmppen des Grades, n nnd der Classe n — 1. BB, 
1902, pp. 466-469. 

FS Frobenios (Gtoorg) and Stickelberger. 1. Gmppen 
von vertaoschbaren Elementen. CJ, 86, pp. 217-262, 
1879. 

Fl Fnlco (P.). 1. fl sistemi gmppali egeneratoii. 
Catania Atti, (4), 12, pp. 1-14, 1899. 

G Galois (^variste). Oenvres. Edited by lionyille 
(LJ, (1), 11, 1846) and Picard (1897). Beferences to latter. 
Also in Mr. 1. Analyse d'nn m6moire snr la rteolntion 
alg6briqne des Equations, pp. 11-12. [Bulletin des Sdenees 
Math^matiqnes (F6rassac), 13, pp. 271-272, 1830.] 2. 
Bar la th6orie des nombres, pp. 15-23. [Do., pp. 423hI36j. 

3. M6moire snr les conditions de r£solnbilit6 des ^qnationa 
par radicaux. pp. 33-60. Posthnmons, dated Jan. 16, 1881. 

4. Fra^;ments of a second memoir, pp. 61-61. Posthnmons. 
6. Letter to Angnste Chevalier, pp. 26-32. [Berne En- 
qrlopMiqne, 1832, pp. 668-680.] 

Gs Gierster (J. ). 1. Die Untergmppen der Galois'schea 
Gmppe der Modnlaxgleichnngen fnr den Fall eines prim- 
zahligen Transformationi^grades. Diss. Ldpsic [BCA, 17, 
pp. 319-366, 1881.] 
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Gi Giadice (Franoesoo). 1. Un teorems snlle soettta* 
zioni. PIB, 1, pp. 222-228, 1886. 2. Snlle equadoiii 
irredodbile di grado primo iisolabili per radicali. PIB, 1, 
pp. 227-229, 1887. 3. Snlla riBolnzione algebrica ddle 
equazioni. ToA, 28, pp. 349-864, 1898. 

Gl Glage ( F. ). Anwendong der Gmppentheorie auf die 
irredadbeln Gldcbnngen vom aediBten Grade. Diss. 
Konigsberg, pp. 96, 1899. [Mh, 11, pp. 165-169, 1900.] 

Gls Glashan (J. G.). On the qninqaiaection of the 
cydotomic equation. Brit. Ass. Bep., 1898, p. 562. 

Gr Grandi (Agoetino). 1. Un teorema snlla rappre- 
sentazione analitica ddle soetitnzioni sopra nn nnmero 
prime di dementi. GM, 19, pp. 238-245, 1881. 2. Snlla 
rappresentadone ••-. Lombardi Bendiconti (Milan), 16, 
pp. 101-111, 1888. 

Gm Granfdd(R). AlgebraisdianfloebareGldchnng^. 
24 Programm Staatggymnamnm, Nikolsbnrg, pp. 11, 1897. 

Hk HadL (Franx). ff Anwendnng der Gmppentheorie 
anf knbifidie nnd biqnadratifldie Glddinngen. I>i88.Tnfain- 
gen, pp. 36, 1896. 

Hd Hadamard (J.). Snr la demonstration d'nntheordme 
d'alg&bre. Bordeaux Froo. Verb., 1896-1897, pp. 84-76. 

Hg Hagen (Johann G.). Synopsis der hohereni Math- 
ematik. Pages 281-805 of toL 1. Berlin, 1894. 

He Hed^er (J.), f XTeber Buffini's Beweis fnr die Un- 
moglidikdt der algebraisdien Auflosnng der allgemeinen 
Gldchung von einem hoheren als dem 4^ Grades. Diss. 
Bonn, pp. 29, 1886. 

Hf Heffter (Lothar). 1. TJeber Tripdsysteme. HA, 
49, pp. 101-112, 1897. 2. Metaqrklisdie Gruppen nnd 
NachbaroonBgurationen. MA, 60, pp. 261-268, 1898. [DY, 
6, pp. 67-68, 1897.] 3. Ueber Abd'sche Gruppen. CJ, 119, 
pp. 261-266, 1898. 

Ht Hermite (Charles). 1. Condd6rations sur la reso- 
lution [alg£brique de I'^quation dn 6* degtL KA, (1), 1, 
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pp. 329-338, 1842. 2. Snr les tonctions a1g£briqoM. CB, 
82, pp. 458-461, 1861. 8. Snr leu f ODctions de sept lettrea. 
CB, 67, pp. 750-767, 1868. 

HI Hllbert(I>ftTid). 1. Ueber die Irreditoibili&t gamer 
rationaler Fnnctioiieii mit ganzxahligen Coeffidenten. CJ, 
110, pp. 104-129, 1898. 

H Holder (Otto). Galois'eche Theorie mit Anwendon- 
gen. EH, 1, pp. 480-KiO, 1899-1900, 1, Zoraokfnliniiig 
einer beliebigea algebraischen Gldchong aof elne Ketto von 
Oleidiangea. MA, S4, pp. 26-66, 1889. 2. Ueber den 85- 
derberg'Bcben Bewds des GaloiB^schen Fnndamentabatui. 
Do., pp. 464-162. 8. TJeber den Caeiui irredadbilie bfli der 
Gleichnng dritten Grades. MA, 38, pp. 807-813, 1891. 4. 
Die einfacben Gmppen im ersten nnd zwdten Hoodert der 
OrdnoDgszahlen. MA, 40, pp. 66-88, 1802. 6. Die Grop- 
pen der Ordnnngen j^, p^, pqr, p*. MA, 48, |^ 801-412, 
1893. 6. BUdnng znBamntengefletzter Gmppen. MA, 4$, 
pp. 321-422, 1896. 7. Die Grappen mit qnadratfrder Ord- 
nangBzahl. GK, 1896, pp. 211-229. 

Ho Hoya'(P.). 1. Zn8anunenIiaiiginB«iIienniitdner 
Anwendung anf die Theorie der Snbetitnttonen. MA, 43, 
pp. 68-88, 1898. 2. Verallgemeiuenuig xwder E&tee ace der 
Theorie der Sabstitationengrappen. MA, 46, pp. 689-.644, 
1896. 3. t Pn)grajain des VictoriagymnadDms in Borg. - 
Easter, 1897. 4. Anwendnngen der Theorie des Zosam- 
menbaiigeB io Bdben anf die Theorie der Snbetitationen- 
grappen. MA, 49, pp. 39-48, 1897. 6. Gnmdlagen dner 
analytischen Behandlang der GrappimngBaatgabeD. MA, 
60, pp. 499-617, 1898. 6. N'eue Grandlagen der Groppen- 
nnd SabBtitiitioDentheorie. MA, 61, pp. 446-462, 1898. 
7. Die algebraieche Loenng des Problems der Sabstitntionen* 
gmppen. MA, 62, pp. 660-560, 1899. 8. TTeber Definltiai 
and Behandlang trandtiver Grappen. CJ, 124, p^ 103- 
104,1902. 



r^-MUMMikiMAMiita 




H^:f y.t^^ttf 






miiiiiiiiMiii 



20 AB8TMA0T QBOUFB AND SUB8TITOTI0S ^BOUFM 



Hn Hantingdon (Edward Yermilye). 1. ffimpUfled 
definition of a groap. AB, 8, pp. 196-400| 1902. 2. Second 
definition of a group. Do., pp. 88S-S91, 1902. 

Jb Jablonaki (E.). Thforie des permntatipna el dee 
arrangements drcolairee completB. LJ, (4)> 8, pp. 831-^9, 
1892. 

Jc Jacobi (Karl Onatay Jacob). Observatinncolae ad 
theoriam aeqnationom pertinentes. Worka, S, pp. 269-284. 
[GJ, 13, pp. 340^862, 1884.] 

Ja Janni (Giuseppe). 1. Espoeizione ddla teoria 
ddle sostituzioni, (1). OM, 9, pp. 280-840, 1871. 2. Do., 
(2), GM, 10, pp. 198-206, 1872. 8. Do., (8). GM, 11, pp. 
1-17, 71-86, 257-801, 1878. 4. Teorica ddla risolurione 
delFequazioni di Galois. GM, 12, pp. 277-299, 1874. 

J Jordan (Marie ^vremond Gamille). Trait6 des sub- 
stitutions et des Equations algfbriques. Vp* 667. Paris, 
Gauthier-ViUars, 1870. 0.ut of print. 1. Le nombre de 
Taleurs des fonctions. ticP, 38, pp. 118-194, 1861. 2. 
Les groupes des Equations r^solubles. CB, 68, pp. 968-966, 

1864. 3. Commentaire sur Galois. CB, 60, pp. 770-774, 

1865. 4. Lettre ik M. liouYille sur la resolution algfibrique 
des Equations. LJ, (2), 12, pp. 105-108, 1867. 5. La re- 
solution algibrique des Equations. LJ, (2), 12, pp. 109-157, 
1867. 6. Do. CB, 64, pp. 269-272, 686-^90, 1179-1188, 1867. 
7. La resolution des equations primitives de degre p\ LJ, 
(2), 13,pp. 111-135,1868. 8. Les equations modulaires. CB, 
66, pp. 308-312, 1868. 9. Theorimes generauz sur les sub- 
stitutions. CB, 66, pp. 836-837, 1868. 10. Deux nouvelles 
series de groupes. CB, 67, pp. 229-283, 1868. 11. Com- 
mentaire sur Galois. MA, 1, pp. 141-160, 1869. 12. Les 
equations algebriques. LJ, (2), 14, pp. 139-146, 1869. 18. 
Do., CB, 68, pp. 257-258, 1869. 14. Les groupes de mouye- 
ments. AiM, (2), 2, pp. 167-215, 322-345, 1869. 16. Sur 
requation aux vingt-sept droites des surfaces du troisidme 
de^. LJ, (2), 14, pp. 147-166, 1869. 16. Latrisection 
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dee fonotioiu abfiUennes et sor les Tiiigt-Mpt dn^tet • • . 
CB, 68, pp. 866-869, 1868. 17. Une 6qnation da IV* 
degrt. CJ, 70, pp. 182-181,1870. 18. Lea 6qiutioiu de 
la division des fondioiu abfilieimes. UA, 1, pp. 683-691, 
1869. 19. La rfoolntion des Equations les ones par lem 
autres. U, (2), 16, 1871, pp. 1-20, 1871. 20. Do., CR, 
72, pp. 283-290, 1871. 21. Les gronpes prlmitih. LJ, (2}, 

16, pp. 383-408, 1871. [CB. 72, pp. 864r-866, 1871.] 22. 
Ls daasification des groapes primitifd. CB, 73, pp. 863— 
867. 28. Note sar la thforie des sobsliitotioiifl. QM, 10, p. 
116, 1872. 24. BecliercheB trar lee sabetitotioiuL LJ, (2), 

17, pp. 361-367, 1872. [GB,74,pp. 976-977.] 26. L'^nn- 
m£ration des gronpes primitifB poor les 17 premias dq;rte. 
CB, 76, pp. 1764-1767, 1872. 26. La limite de truiritiTiM 
des gronpes non altern^es. FB, 1, pp. 40-71, 1873. 27. Les 
gronpes primitifs. Do., pp. 176-221. 28. Sot les sabstdto- 
tiona. CB, 76, pp. 962-964, 1873. 29. I« limits da degr6 
des gronpes primitdts qni contiennent nne snbetitntion don* 
n6e. CB, 78, pp. 1217-1219, 1874. 30. Do. CJ, 79, pp. 
218-268, 1871. 31. Denx pointes de la th^orie dee snbstita- 
tions. CB, 79, pp. 1149-1161, 1874. 82. NonveUefl re> 
cherches snr la limite de tranaitiTitfi des gronpes. IjJ, (6), 
1, pp. 36-60, 1896. 33. Les gronpes d'ordre jT^. LJ, 
(6), 4, pp. 21-26, 1898. 

Kn Kantor (B.). f Tbeorie der endlichen Omppen von 
^dentigen Traneformationen in der Ebene. "Pp. 111. 
Berlin. Mayer & Mnller, 1896. 

Kp Kempe (A. B.). 1. Mathematical torm. Trans* 
actionB Boyal Society, 177, pt. 1, pp. 1-70, 188S. CPBS, 
38, pp. S93-107.] 

Ki Kirkman (Thomas Fenyngton). 1, Oronps and 
many valned fnnctions. Manchester Memoirs, (3), 1, i^ 
274-398, 1862. 2. f t Theorems on gronps. Manchester 
Proceedings, 2, pp. 73-97, 1862. 3. The fifteen yoong 
ladies. PM, (4), 23, pp. 198-204, 1862. 4. yon-modnlar 
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groups. MnPy 2, pp. 246-268| 1862. [MnMi (S), 2, pp. 
20i-227, 1865.] 5. f The oomplete theory of groups, being 
the solution of the Mathematical prize question of the 
French Academy for I860. MnP, 8, pp. 183-152, 161-162, 
1864, and 4, pp. 171-172, 1860. 6. f On maximum groups. 
MnP, 8, pp. 59-65, 1864. 7. Solution of algebraio equa* 
tions. PM, (4), 36, pp. 169-174, 1868. 8. Besolution of 
equations. Do., pp. 264-266. 9. f Note on Haigreave's 
essay. HnP, 7, pp. 133-137, 1868. [ET, 10, pp. 70-74, 
1868.] 10. Solution of equations. HnP, 7, pp. 141-148, 
221-223, 1868. 11. The 15-puzzle. ET, 35, pp. 29-30, 
1881. 12. 1 1 Problems in substitutions. ET, 38, pp. 80- 
81, 1883. 13. Many valued functions of any degree. 
MnM, (4), 4, pp. 315-337, 1891. 14. The 143 mx-letter 
transitive functions. MnM, (4), 5, pp. 23-53, 1892. 

El E^lein (Felix). Yorlesungen uber das Ikosaeder- 
und die Auflosung der Gleichung vom f unften Grade. Pp. 
260, Leipsic, Teubner, 1884. (A). The Evanston Collo- 
quium. Pp. 109, New York, Macmillan, 1894. [NY, 3 
pp. 119-122.] (The very important papers of Prof. Klein 
lie outside the scope of this memoir.) 

Kn Kneser (Adolf), t In^^cibilitat und Monodro- 
mi^ruppe algebraischer Gleichungen. Diss. Berlin, 1884. 
1. Die Monodromiegruppe einer algebraischer Gleichung. 
MA, 28, pp. 125-132, 1886. 2. Die Gattung niedrigster 
Ordnung, unter welcher gegebene Gattungen algebraischer 
Gleichungen enthalten sind. MA, 30, pp. 179-202, 1887. 
3. Arithmetische Begrundung einiger algebraischen Funda- 
mentalc&tze. CJ, 102, pp. 20-55, 1887« 4. Ein neuer 
Beweis der XJnmoglichkeit, allgemeine Gleichungen hoheren 
Grades algebraisch aufzulosen. CJ, 106, pp. 48-64, 
1890. 

Kg Konig (Julius). 1. fXJeber die altemirende 
Gruppe. Buda-Pesth Academy, 1883. 2. Algebndsche 
Gleichungen. MA, 21, pp. 424-433, 1883. 
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K Kronecker (Leopold). Omndzfige einer arithmet^ 
ischen Theorie der algebnuschen Grossen, pp. 122, Berlin, 
Beimer, 1882. [GJ, 92, pp. 1-122. Werke, 2, pp. 287* 
388.] 1. Algebraisch aafloBbare Oleidiaiigeii. BB, ISSS, 
pp. 365-374. [In 8, a, pp. 660-669, S, e, pp. 684-694.] 3. 
Do. BB, 1866, pp. 203-216. 3. Oleichnngen dee debenten 
Grades. BB, 1868, pp. 287-289. 4. Extonit d'ane letire 
de M. Kronecker ik M. BrioBchL AIM, (2), 2, p. 131, 1869. 
6. Mittheilung fiber algebraische Arbeiten. BB, 1861, pp. 
609-617. [£dN, 3, pp. 279-286. CJ, 69, pp. 306^10.] 
6. ELIassenanzahl idealer complexer Zahlen. BB, 1870, pp. 
881-889. 7. Abel'fiche Gleichongen. BB, 1877, pp. 846- 
861. 8. Entwickelnngen aoB der Theorie der algebraiseben 
Gleichungen. BB, 1879, pp. 206-229. 9. Die Irrednct^- 
bilitat von Gleichongen. BB, 1880, pp. 166-162. [Werke^ 
2, pp. 83-94.] 10. Abel'flche Gleichungen. OJ, 93, pp. 
338-364, 1882. 11. Zor ariihmetischen Theorie der alge- 
braiseben Formen. GJ, 93, pp. 366-^66, 188% 12. Die 
Oompoeation Abel'scher Gleichungen. BB, 1882, pp. 1069- 
1064. 13. Die Z^legung der ganzen Grossen dner natfir- 
lichen Bationalitats-Bereich in ihre irreductibeln Factoren. 
GJ, 94, pp. 344-348, 1883. [Werke, 2, pp. 40»-416.] 14. 
Gattungen rationaler Functionen von mehreren Yariabeln. 
BB, 1886, pp. 261-263. 16. Ein Fundamentalsatz der 
allgemeinen Ariihmetik. GJ, 100, pp. 490-610, 1887. 
[Werke, 3, pp. 209-240.] 16. Ueber eine Stelle in Jaoobis 
Aufsatz ,, Observatiunculae ad theoriam aequationum pertt- 
nentes." GJ, 107, pp. 349-362, 1890. 

Ku Kuhn (Harry Waldo), f t On imprimitiyeBubetitn- 
tion groups. Diss. Gomell, 1901, in press. 1. list of the 
imprimitiye groups of degree fifteen. AB, 6, p. 260, 
1900. 

Lg Lagrange (Joseph Louis). Beflexions sur la resolu- 
tion alggbrique des Equations. Oeuvres, 3, pp. 20fr-421. 
(1770-1771.) 
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Ld Landsberg (Q.)* Aritbmetische Theorie algebra- 
ischer Orossen. EM, 1, pp. 283-301| 1899. 

Lt Levavasseur, f f Enumeration des gronpes, d' opera- 
tions d'ordre donn6. Pp. 128, Paris, 1901. 1. Les types 
de groups dont I'ordre £gale le degrfi. CB, 120, pp. 822- 
825, 899-902, 1895. 2. Oroupes assode^s anx groupes dont 
Fordre ^le le degr6. Do., pp. 1206-1208. 3. Les groupes 
dont I'ordre ^ale le degr6. CB, 121, pp. 238-241, 1895. 4. 
Les groupes d'op^rationa CB, 122, pp. 180-182, 51&-517, 
711-713, 1896. 5. fOroupedes isomorphismes de iOpY* 
£cN, (3), 16, pp. 377-394, 1899. 6. Groupes d'ordre p'j'. 
CB, 128, pp. 1152-1153, 1899. 7. Groupes d'ordre IC^. 
CB, 129, pp. 26-27, 1899. (Some of these papers are not 
entirely accurate.) 

Lm Lombard! (Domenico). 1. Sui gruppi di sostituzioni. 
GM, 39, pp. 134-144, 1901. 

Ml Maillet (Edmond). (a). Becherdies sur les sub- 
stitutions et en particulier sur les groupes transitifs. Diss. 
Paris, pp. 125, 1892. (b). fBecherches sur la classe et 
I'ordre des groupes de substitutions. M6m. Sav. £tr., pp. 
121, 1899. 1. Tin mode de formation de certains groupes 
primitifs. QJ, 27, pp. 119-132, 1894. 2. f Carres magiques. 
TIM, (9), 6, pp. 258-280, 1894. 8. Do., QJ, 27, pp. 132- 
144, 1894. 4. t Contributions 2l la th6orie des groupes. 
^I^Uf « (9)i ^9 P* 281, 1894. 5. Les proprigt^s des groupes de 
substitutions dont I'ordre est ^al k un nombre donn6. TIA, 
9, D, pp. 1-22, 1894. [CB, 118, pp. 1187-1188.] 6. Les 
isomorphes holo6driques et transitifs des groupes symmit- 
riques on altemtes. LJ, (5), 1, pp. 5-34, 1896. [CB, 
119, pp. 362-364, 1894.] 7. f Contribution 2l la th6orie 
des groupes d'ordre fiuL TIM, (9), 6, p. 24, 1895. 8. 
Les groupes paramitres dans la thiorie des substitutions. 
AIM, (2), 23, pp. 199-207, 1895. 9. Note sur les groupes 
de substitutions. FB, 24, pp. 85-96, 1896. 10. Qudques 
propriet^s des groupes de substitutions. TIA, 10, A, pp. 
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5-20| 1896. 11. Des groapes primitifs da daase iT— 1 el 
de d^gr6 N. FB, 26| pp. 16-32, 1897. 12. Lea groupes 
denx fois transitifs 2l trois d^gr^s. FB, 25, pp. 189-208, 
1897. 18. Une s^rie de groupes hoIo£driqaement isomor- 
plies k des groupes plosfenrs fois transitifa. LJ, (6), 8, 
pp. 277-310, 1897. [CR, 124, pp. 351-368.] 14. Des 
groupes transitifs de dasse ef et de degr6 ef+h. AIM, (2), 
25, pp. 219-234, 1897. 15. Les groupes d'ordre finL ^, 
29, pp. 250-269, 1897. 16. Des groupes trandtifii de degrft 
N et dasse N-^-l. FB, 26, pp. 249-259, 1898. 17. Sur les 
groupes. AF, 26, pt. 2, pp. 190-197, 1898. 18. Des groupes 
primitifs de dasse ilT— 2 et de d^gr6 N. AF, 27, pt. 2, pp. 
157-168, 1898. 19. La determination du groupe des tqmr 
tions num6riques. LJ, (5), 5, pp. 205-216, 1899. [OB, 
127, pp. 1004-1005.] 20. Sur les groupes de dasse ^T— « 
et degr6 JVau moins u — 1 fois transitifti. &P, (2), 6, pp. 
47-78, 1900. [CB, 128, p. 277, 1899.] 21. Les groupes 
6diangeables et les groupes dteomposables. FB, 28, pp. 
7-16, 1900. [AF, 28, pt. 1, p. 141.] 22. Des suites re- 
marquables de sous-groupes d'un groupe de substitutions 
ou de transformations. CB, 130, pp. 1449-1452, 1900. 28. 
De nouvelles analogies entre la thforie des groupes de sub- 
stitutions et celle des groupes finis continus de transforma* 
tions de Lie. LJ, (5), 7, pp. 13-82, 1901. 

Mf Malfatti (Gianfrancesco). f D^bbj proposti al sodo 
Paolo BufSni sulla sua dimostraadone della impossilnlitil di 
risolvere le equazioni supeiiori al quarto grado. IM, 11, 
pp. 579-e07, 1804. 

Mg Mai^ggrafi (B.). f Primitive Oruppen, wdohe eine 
transitive Oruppe geringeren Ghades enthalten. Diss. 
Giessen, 1889. [Programm (No. 65), 8ophien-Oym* 
nasium, Berlin, pp. 31, 1895.] 

Mrt Martin (Emilie Norton). 1. The imprimitive sub- 
stitution groups of degree 15, and the primitive substitution 
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groups of degree 18. AJ, 28, pp. 269-286, 1901. [AB, 6| 
p. 10, 1899.] 

Mr Maser (BL )• Abhandlangen uber die algebraisohe 
Auflosung der Gleichongen von Abel und GUois. pp. 156, 
Berlin, Springer, 1889. 

Ms Maschke (Heinrich). 1. The representation of 
finite groups l^ Cayley's color diagrams. AJ, 18, pp. 166- 
194, 1896. [ON, 1896, pp. 66-69, in Oerman.] 

Mt Mathieu (£mile Leonard). ffSur le nombre de 
valeurs que pent aoqu£rir une f onction et sur la formation 
de quelques f onctions plusieurs fois transitits. Diss. Paris, 
1869. 1. Le nombre de valeurs d'une f onction. CB, 46, 
pp. 1047-1060, 1208-1209, 1868. 2. Do. GB, 47, pp. 698- 
699, 1868. 8. Do. LJ, (2), 6, pp. 9-42, 1860. 4: Les 
f onctions de plusieurs quantit£s et les substitutions qui les 
laassent invariables. LJ, (2), 6, pp. 241-828, 1861. 6. La 
resolution des Equations dont le degr6 est une puissance 
d'un nombre premier. AIM, (1), 4, pp. 113-182, 1861. 
6. La fonction dnq fois transitive de 24 quantitte. LJ, 
(2), 18, pp. 26-46, 1878. 

Mth Matthiessen (L.).t Grundznge der antiken und 
modernen Algebra der litteralen Gleichungen. Leipsic, 
1878, pp. 1000 (ca). 

M Miller (George A.). 1. Substitution groups of 8 
letters. NY, 8, pp. 168-169, 1894. 2. Do., of 8 and 9 
letters. Do., pp. 242-246. 8. Litransitive groups of 10 
letters. QJ, 27, pp. 99-118, 1894. 4. Non-primitive groups 
of degree 10. AB, 1, pp. 67-72, 1894. 6. An instance 
where a wdl-known test to prove the simplicity of a group 
is insufficient. AB, 1, pp. 124-126, 1896. 6.t Bemarkson 
substitution groups. AmM, 2, pp. 142-144, 179-180, 211- 
213, 267-260, 261-268, 304-309, 361-364, 1896. 7. Transi- 
tive groups of degree 12 (note). AB, 1, pp. 266-268, 1896. 
8. Do. (list) QJ, 28, pp. 193-231, 1896. 9. A simple 
proof of a fundamental theorem of substitution groups and 
several applications. AB, 2, pp. 76-77, 1896. 10. The 
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lists of all ihe sabetitatioii groups of a given number of do* 
ments. AB, 2, pp. 188-145, 1896. 11. Introdaction to 
sabstitation groups. AmM, 8, pp. 7-18, 86-88, 69-78, 
104-108, 138-136, 171-174, 1896. 12. 8ur les groupes de 
substitutions. OB, 122, pp. 370-372,. 1896. 18. B^gnlar 
substitution groups of order less than 48. QJ, 28, pp. 282- 
284, 1896. 14. Substitution groups of order 4. PM, (6), 
41, pp. 431-437, 1896. 16. The non-regular tranritive sub- 
stitution groups whose order is the cube of any prime. AM, 
(1), 10, pp. 156-158, 1896. 16. The substitution groups 
whose order is the product of two unequal prime numbers. 
AB, 2, pp. 332-336, 1896. 17. The operation groups of 
order 8p. PM, (5), 42, pp. 195-200. 18. 8ur les groupes 
de substitutions. CB, 123, pp. 91-92, 204, 1896. 19. Ser- 
eral theorems on operation groups. AB, 8, pp. 111-116, 

1896. 20. ft Applications of substitution groups. AmM, 
3, pp. 197-202, 1896. 21. f The non-regular transitive sub- 
stitution groups whose order is the product of tiiree unequal 
prime numbers. Zurich. Naturforsch. GeSi, 42, pp. 68- 
78, 1897. 22. On the solution of the quadratic equation. 
AmM, 4, pp. 5-^9, 71-77, 1897. 23. The transitive groups 
of order 8p. PM, (5), 43, pp. 117-125, 1897. 24. The toan- 
sitive groups where orders are the products of three primes. 
AB, 3, pp. 213-222, 1897. 25. The transitive groups sim« 
ply isomorphic to the symmetric or the alternating group of 
degree 6. American Phil. Soc. Proc, 86, pp. 208-216, 

1897. 26. The transitive groups of degrees 18 and 14. QJ, 
29, pp. 224-249, 1897. 27. The primitive groups of degree 
15. LP, 28, pp. 533-544, 1897. 28. The primitive groups 
of degree 16. AJ, 20, pp. 229-241, 1898. 29. Bur Pfou- 
miration des groupes primitifs dont le degri est inf^rieur ik 
17. OB, 124, pp. 1505-1508, 1897. 30. The simple iso- 
morphisms of a substitution group to itself. PM, (6), 46, 
pp. 234-242, 1897. 31. A problem in substitution groups. 
AB, 4, pp. 49-50, 1897. 32. The commutator groups. AB, 
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4y pp. 136-139| 1808. 88. An important theorem on oper»- 
tion gronps of order p^. H, 27, pp. 119*121, 1898* 84. 
The limit of transitivity of groups. AB, 4, pp. 140-148| 
1898. 35. The transitive groups isomorphic to a given 
group. OM, 889 pp. 63-71| 1900. 86. The perfect groups. 
AJy 20, pp. 277-282, 1898. 87. Several points in the theory 
of groups. AmM, 5, pp. 196-199, 1898. 88. An extension 
of Sylow's theorem. AB, 4, pp. 323-326, 1898. 89. The 
supposed five-fold transitive function of 24 elements and 
19 1 -i- 48 values. M, 27, pp. 187-190, 1898. [AB, 4, p. 
416, 1898.] (But see M 70.) 40. Application of a substi- 
tution group in spherical trigonometry. AmM, 5, pp. 102- 

103. 1898. 41. The number of transitive groups that have a 
1, a isomorphism to a given group. M, 28, pp. 84-47, 1898. 
42. Les groupes hamiltoniens. CB, 126, pp. 1406-1408, 
1898. 43. The Hamatonian groups. AB, 4, pp. 510-516,-- 

1898. 44. The operation groups whose order is less than 
64 and those whose order is 2p\ QJ, 30, pp. 243-263, 1898. 
45. Les groupes d'op^rations. CB, 128, pp. 227-229, 628, 

1899. 46. The quaternion group. American Phil. Soc. 
Ftoc , 37, pp. 312-819, 1898. 47. Beport on recent progress 
in the theory of the groups of a finite order. AB, 5, pp. 
227-249, 1899. 48. The isomorphisms of a Hamiltonian 
group with itself. AB, 5, pp. 292-296, 1899. 49. The 
groups determined by a given group. AmM, 6, pp. 221- 
224, 1898. 50. Note on Bumside's Theory of Groups. 
AB, 5, pp. 249-251, 1899. 61. The groups representaUe 
as multiply transitive substitution groups. M, 28, pp. 104- 

107.1899. 52. The primitive groups of degree 10. QJ» 31, 
pp. 228-233, 11899. 53. A method to construct intransi- 
tive groups. AmM, 5, pp. 288-290, 1898. 64. The r^re- 
sentation of a group of finite order as a substitution group. 
M, 28, pp. 149-160, 1899. 55. The transitive groups of 
degree 17. QJ, 81, pp. 49-^7, 1899. 56. Several classes 
of simple groups. LP, 81, pp. 148-151, 1899. 57. The 
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groupe whose degree does not exceed 8. AJ, 21| pp. 287-- 

388. 1899. 58. The simple groups representable as subetf* 
tation groups that contain i^dical substitutions of a prime 
degree. AmM, 6, pp. 102-103, 1899. 59. The dmplj 
transitive primitive groups. AB, 6, pp. 103-lOi, 1899. 
60. Groups the direct products of two subgroups. AT, 1, 
pp. 66-71, 1900. [AB, 6, p. 11, 1899.] 61. The comma, 
tators of a given group. AB, 6, pp. 105-109, 1899. [Anu 
As. Adv. Science, 48, pp. 71-72, 1899.] 62. The order of 
the product of two substitutions. AB, 6, p. 101, 1899. 
63. Some elements of substitution groups. AmM, 6, pp. 
255-257, 1899. 64. Examples of a few elementary groups. 
AmM, 7, pp. 9-13, 1900. 65. Les groupes des isomor- 
phismes. CB, 130, pp. 316-317, 1900. 66. The holomorph 
of the i^dical group and some of its subgroups. QJ, 81, 
pp. 382-384, 1900. 67. Note on Netto's Theory of Substt- 
tutions. AnM, (2), 1, pp. 71-73, 1900. 68. Groups witii 
the same group of isomorphisms. AT, 1, pp. 395-401, 1900. 
69. Note on the group of isomorphisms. AB, 6, pp. 887* 

339. 1900. 70. Sur plusieurs groupes simples. FB, 28, pp. 
266-267, 1900. 71. Burnside's Theory of Groups. AB, 6, 
pp. 390-398, 1900. 72. On the product of two substitutions. 
AJ, 22, pp. 185-190, 1900. 73. Methods of constructing 
substitution groups. AmM, 7, pp. 277-281, 1900. 74. A 
special class of abelian groups. AnM, (2), 2, pp. 77-80, 
1901. [AB, 6, p. 371, 1900.] 75. In a rimple group of 
odd composite order every system of conjugate operators or 
subgroups includes more than 50. LP, 33, pp. 6-10, 1900. 
76. The transitive groups whose order is a power of a prime. 
AJ, 23, pp. 173-178, 1901. 77. The product of two commuta- 
tive operators. AmM, 8, pp. 57-58, 1901. 78. Holomorph- 
isms and primitive roots. AB, 7, pp. 350-354, 1901. 79. fUtt 
thtorime 616mentaire de la th6orie des groupes de substtta* 
tions. Prace matematycyzno-fizyzne ( Warsau), 12, pp. 186- 

138.1901. 80. Les groupes d'op6rations. OB, 182, pp. 913- 
8 
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914,1901. 81. Beterminationof all the groups of order jT 
which contain the abelian group of type (m — 2, 1). AT, 2. 
pp. 259-272| 1901. 82. The groupe generated by two opera- 
tors. AB, 7, pp. 424-426, 1901. 88. The groups generated by 
two operators of orders twoand threerespectively whose prod- 
uct is of order six. QJ,88ypp. 76-79, 1901. 84. Theconoq[>ts 
group and number. AmM, 8, pp. 181-184, 1901. 86. The 
groups generated by two operators of order three whose 
product is also of order three. AnM, (2), 8, pp. 40-48, 

1901. 86. 8ur les groupes de substitutions. CB, 188, pp. 
624-626, 1901. 87. The history of several fundamental 
theorems in the theory of groups of a finite order. AmM, 
8, pp. 213-216, 1901. 88. Groups defined by the orders of 
two generators and the order of their product. AJ, 24, 
pp. 96-100, 1902. [AB, 8, p. 12, 1901.] 89. On the abelian 
groups conformal with non-abdian groups. AB, 8, pp. 
164-166, 1902. [p. 97, 1901.] 90. An infinite system of 
conformal groups. M, 81, pp. 148-160, 1902. 91. De- 
termination of all groups of order 168. AmM, 9, pp. 1-6, 

1902. 92. t Gruppi d'ordine p* non conformi con gruppi 
abeliani. Mat. pur. ed ap., 2, pp. 19-21, 1902. 98. The 
primitive groups of class 4. AmM, 9, pp. 68-66, 1902. 94. 
The group of isomorphisms of a group of order jT. AM, 
(2), 8, pp. 180-184, 1902. 96. A method for constructing 
all groups of order jT. AB, 8, p. 192, 1902. 96. The 
groups of order p^ which contain operators of order fT-*. 
AB, 8, p. 206, 1902. 97. Determination of all groups of 
order p" which contain the abelian group of order jp"^^ and 
of type (1, 1, 1, . .)• AB, 8, pp. 891-894, 1902. 

ML Miller (George A.) and ling (George Herbert). 1. 
Proof that there is no simple group whose order lies between 
1092 and 2001. AJ, 22, pp. 18-26, 1900. [AB, 6, pp. 11- 
12, 1899.] 2. list of the intransitive groups of degree 11. 
QJ, 82, pp. 842-868, 1901. 
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Hn Minich (Serafino Baffade). 1. Salla reflolnbOiU 
delle eqnazioni algebriche. Venice '^Atti/' (8), 8, pp. 
629-686, 1867. 

Mo Moore (EUakim Hastings). 1. Concerning triple- 
systemfl. MA, 43, pp. 271-285, 1898. 2. A donbly infinite 
system of simple groups. CP, pp. 208-242. [NY, 8, pp. 
73-78, 1898.] 8. The gronp of holoedrio transformations 
into itself of a given gronp. AB, 1, pp. 61-66, 1894. 4. 
Concerning triple systems. FIB, 9, p. 86, 1896. 6. Jordan's 
linear groups. AB, 2, pp. 33-43, 1896. 6. Concerning the 
abstract groups of order Jfc I and ^Jfc I holohedricslly isomor- 
phic with the symmetric and the alternating groups on h 
letters. LP, 28, pp. 867-866, 1896. 7. Tactical memo- 
randa, (l)-(8). AJ, 18, pp. 264-303, 1896. 8.CConcem- 
ing abelian rc^ar triple systems. MA, 60, pp. 226-240, 
1898. 9. Concerning regular triple qrstems. AB, 4, pp. 
11-16, 1897. 10. Concerning the general equations of the 
seventh and eighth degrees. MA, 61, pp. 417-444, 1899. 
11. A definition of abstract groups. AB, 8, p. 878, 1902. 

Mm Moreno (H. C). 1. Non-abdian groups in which 
every subgroup is abelian. AB, 8, p. 434, 1902. 

N Netto (Eugen). Substitutionentheorie und ihre An- 
wendungen auf die Algebra, pp. 290, Leipsic, Teubner, 
1882. M. 6.80. Italian by Battaglini {NB{, 1886. Eng- 
lish by Cole { NC| , 1892. (x). Einldtung in die Theorie der 
Substitutionen. Arc, 62, p. 226-269, 1878. (a). Yorle- 
sungen uber Algebra. Vol. 2, pp. 203-614. Ldpsic, Teubner, 
1900. 1. Znr Theorie der zusammengesetzen Oruppen. CJ, 
78, pp. 81-92, 1874. 2. Beitrage uber transitive Oruppen, 
CJ, 83, pp. 43-66, 1877. 3. Neuor Beweis fur die UnaufiSs- 
barkeit der Qleichungen von hdherem als dem vierten Grade. 
CJ, 83, pp. 86-88, 1877. 4. Neuer Beweis eines Funda- 
mentaltheorems aus der Theorie der Substitutiondehre. 
MA, 13, pp. 249-260, 1878. 6. DieAnzahlderWertheeiner 
ganzen Function. CJ, 86, pp. 327-338, 1878. 6. Bemer^ 
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knngen uber Abel'sche Oleichongen. MA, 18| pp. 247-261, 
1881. 7. XTeber die ooojugirten Werthe einer Fanktioii. 
CJ, 100, pp. 436-441, 1887. 8. UnterBachmigen aus der 
Theorie der SubstitutioiieDgruppen. GJ, 103, pp. 321-826, 
1888. 9. Zur Theorie der Tripelsysteme. MA, 42, pp. 
143-152, 1893. 

Nt Noether (M.). 1. Die Oleichangen achten Grades. 
MA, 15, pp. 89-110, 1879. 

Ps Pascal (Ernesto). Bepertorio di matematicbe sape- 
riori. Vol. 1, pp. 642, Milan, Hoepli, 1898. Polish \>j 
Dickstein. German (revised) by Schepp. 

PI Pellet ( A. E.). 1. M6moiresar lath6orieaIg6briqae 
des Equations. FB, 15, pp. 61-103, 1887. 

dPt de Perott (Joseph). 1. A constmction of Galois' 
group of 660 elements. CP, pp. 273-276. 1. Surlesgronpes 
de Galois. FB, 21, pp. 61-65, 1898. 

Pt Petersen (Julias). De algebraiske Ligningers 
Theori. Ck>penhagen, H6st, 1878. German in 1879. 
Italian (Bozzolino and Sforza) 1891. French (Laurent) 
1897. (Beferences to last. ) 

Pc Picard. Trait6 d' Analyse. Vol. 3, pp. 420-491, 
Paris, Gauthier-Yillars, 1896. 

P Pierpont (James). Galois' theory on algebraic equa- 
tions, pp. 67, Cambridge (Mass.), 1900. 75c. Beprint 
from AnM, (2), 1, pp. 113-143, 2, pp. 22-56, 1900. [AB, 
3, pp. 55^9, 1896.] 1. Zur Geschichte der Gleichung des 
y Grades (bis 1858). Mh, 6, pp. 15-68, 1895. 2. La- 
gi*ange's place in the theory of substitutions. AB, 1, pp. 
2, 196-204, 1895. 3. The Buffini-Abelian theorem. AB, 
pp. 200-221, 1896. 4. The invariance of the factors of 
composition of a substitution group. AJ, 18, pp. 153-155, 
1896. 5. Weber's Algebra. AB, 4, pp. 200-234, 1898. 
6. Early history of Galois' theory of equations. AB, 4, 
pp. 332-337, 1898. 7. Galois's Collected Works. AB, 6, 
pp. 29^^00, 1899. 8. The new edition of Weber's Algebra. 
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AB, 5, pp. 480-482, 1899. 9. Vogi*8 Algebraic Solation of 
Equations. AB, 6, pp. 344-848, 1900. 

Pa Plana (Jean), ff M6moire Bor la formation da 
I'^qoation da qaartri&me degr6, et celle da riziime d^gr6, 
deaqaelles depend la solution litt6rale de I'^qaation g^n^ralo 
da dnqoiftme d^gr6 soivant la mitiiode proposte par La* 
grange en 1771. ToM, (2), 16, pp. 1-66, 1857. 

Pn Poincar6 (Henri). The foandations of geometry. 
Monist, 9, pp. 1-48, 1898. 

Pss Poisson (8im£on Denis). Rapport sur Galois. CB^ 
128, pp. 1261-1264, 1899. (Original date 1881.; 

dP dePolignac (C). 1. La representation analytiqae 
des sabstitations. BF, 9, pp. 69-^7, 1881. 

Pd Pand(0.). f Algebra. Pp. 845, Leipde, 1899. 1. 
t Sabstitutionengrappen in der spharischen Trigonometrie. 
Hamburg Mittb. , 8, pp. 290-801, 1897. 2. ff TJeber Abel'sche 
Orappen and lineare Modalsysteme. Hambaig lOtth., 8, 
pp. 871-876, 1899. 

Bd Badadg (A.), f Die Anwendang des G^low'scheo 
Satzes aaf die symmetrische and die alternirende Omi^>e. 
Diss. Berlin, 1895, pp. 39. [Kharkow Reports, (2), 5, pp. 
1-15, 1896.] 

Be Beichardt (W.). f Zar Theorie der Oleichangen 
sechsten Grades. Leipsic Bericht., 1885, pp. 419-426.: 

Bz Bietz (H. L. ). 1. Primitive groups of odd composite 
order. AB, 8, pp. 17-18, 1901. 2. On primitive groaps 
of odd order. AB, 8, pp. 275-276, 1902. 

Bg Bogers (L. J. ). 1. The analytical representation d 
heptagrams. LP, 22, pp. 37-52, 1890. 2. Note on fonc- 
tions proper to represent a sabstitution of a prime number 
of letters. M, 21, ^p. 44-47, 1891. 

Bu Budio (F.). tJber primitive Gruppen. GJ, 102, 
pp. 1-8, 1888. 

Bf Baffini (Paolo), (a). Teoria generale delta Equa- 
zione in cai si dimostra impossibile la soluzioae atgebraica 
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della eqnaaoni general! di grade aoperiore al quarto, ppb 
609 (2 vols., continuoaa paginatioii)| Bologna, 1799. (b). 
ft Algebra e ana appendice. Modena, ISOT-S, 2 yola. 
(c). t Beflearioni intomo alia aolazione dell'eqoaxioni alge- 
braiohe generalL pp. 140, Modena, 1818. 1. f Delia 
Boluzione delle eqnaraoni algebraiche determinate partioolaii 
di grade saperiore al quarto. IM, 9, pp. 444-^26, 1802. 
2. t Delia insolubility delle eqnazieni algebraidie general! 
di grade Buperiore al quarto. Ilf , 10, pt. 2, pp. 410-^470, 
1803. 3. fBipoeta di Bf . a! dubbj propostigli dal socio 
Gianfrancesco MaUattt. IM, 12, pt. 1, pp. 213-267, 1806. 
4. fBiflessioni intomo al metodo preposto dal consocio 
Malfatti per la soluzione delle equazieni di quinto grade. 
IM, 12, pt 1, pp. 321-^36. 6. f Delia insolubitft ddle 
equazioni algebraiche general! di grade superior! al quarto, 
qualunque metodo si adoperi, algebraico esse siasi o tras- 
cendentale. Istituto Nazionale, 1, pt. 2, pp. 433-460, 1808. 
6. f Intomo al metodo generate preposto dal Big. Hoen6 
Wronski, onde risolvere le equazieni di tutti i gradL IM| 
18, pp. 6(^-68, 1820. 

Bn Bunge (C). 1. Ueber ganzzahlige Gleichungen 
ohne Affect. ON, 1899, pp. 89-98. 

Sc Scarpis (TJ.). 1. Sui grnppi abdian!. OM, 38, pp. 
226-231, 1900. 2. Un teerema sui grappL OM, 38, pp. 
370-378, 1900. 3. Alcune propiietik dei grnppi cemmuta- 
tori di Dedekind. 8M, 39, pp. 376-^79, 1901. 

Sn Schering (E.). fDie Fundamentalclassen der zu- 
sammensetzbaren arithmetischen Fermen. Oett. Abhand- 
lungen, 14, pp. 3 +i 1869. [Beprint by Dieterich, Oet- 
tingen.] 

So Schoneman. ft A paper in Wiener Denkschrift, 
1868. 

Sf Schonflies(A.). 1. Ueber Oruppen von Bewegungen. 
MA, 28, pp. 319-342, 29, pp. 60-80, 1887. 
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8t Sdhottenfels (Ida May). 1. Two non-iflomorphie 
simple groups of the same order 20160. AnM, (2), 1, pp. 
147-162, 1900. 2. On groups of order ^81. AB,.6, pp. 
440-448, 1900. 8. Proof of the existence of a partfcular 
sabsHtnidon gronp of degree 21 and order 20160. JLB, 7, 
p. 268|1901. 4. The non-isomorphism of two simple groapa 
of order i* 8 1 , AB, 8, pp. 26-26, 1901. 

Sr Schroder (K). fUeber die Anzahl der Snbstfia- 
tionen welche in eine g^gebene Zahl von Qyklen xerfsllen. 
Arc, 68, pp. 868-878, 1882. 

dS deS^goier (Jean A.). 1. Bar les Equations de 
certains groapes. CB, 182, pp. 1080-1038, 1901. 2. Bar 
on thfordme de IL Frobenios. CB, 184, pp. 692-698, 19(KL 

SI SeUvanoff (D.). fThe equation of the fifth degree 
with integral coefficients. (Bussian.) St. Petersbui^, 1889. 

S Serret (Joseph Alfred). Oours d'algibre sup6rieure. 
(a) 1 1849. (b)tl864. (c)1866. (d) f 1879— German bj 
Wertheim, 1879. (e) 1886 — Bussian by Bossevich, 1897. 
(c), (d), (e) each in two volumes, — all references to the 
second, — ^pp. 694 in (e). Paris, Gauthier-Yillars. 1. Be- 
marque sur un m6moire de M. Bertrand. &P, 82, pp. 
147-148, 1848. [LJ, (1), 14, pp. 186-186, 1849.] 2 Le 
nombre de Yalenrs d'une fonction. U, (1), 16, pp. 1-44, 
1860. 8. M6moire sur les fonctions de quatre, cinq, et dx 
lettres. U, (1), 16, pp. 46-70, 1860. 4. Developpementa 
sur une classe d'^quations. LJ, (1), 16, pp. 162-168, 
1860. 

Sd S6derberg (J. T.). 1. fl^eduction of the neoeoosiy 
and sufficient condition for the possibility of the solution of 
algebraic equations witii radicals. (Swedish.) Upssla 
Arsskrift, 1886. 2. Demonstration du th6or&me fonda- 
mental de Gralois dans la th6orie de la rfoolution a]g6brique 
des Equations. AcM, 11, pp. 297-302, 1888. 8. fEinige 
Untersuchungen in der Substitutionentheorie und der 
Algebra. TJpsala Nova Acta, 1892, pp. 88. 
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Sp Spina (Carlo). II nombre dei valori delle fandoni 
algebriche. Lined Atti, 21, pp. 182-186, 221-238, 1868. 

Sg Spragne (T. B. )• f A new algebra for permntationa. 
Edinburgh B. 8. Proc., 19, pp. 399-411, 1892. 

Sz 8teinitz (K). 1. Abel'sche Orappen. DV, 9^, pp. 
80-86. 1900. 

Sy Sylow (Lndwig). 1. ff, 1867. 2. Th£or6me8 snr 
lea gronpes de sabntitationB. MA, 6, pp. 684-694, 1873. 
3. Les groupes transitifa dont le degr6 eat le carri d'nn 
nombre premier. AcM, 11, pp. 201-266, 1888. 4. fLcB 
groupea dn degr6|> et de Pordrep(j9+ l)ir, ir 6tant nn di- 
viaeur de p — 1. Chriatiania, Vdak. Skrif ter, 1897, no. 9, 
pp. 19. 

By Sylveater (Jamea Joaeph). 1. The hiatorical origin 
of the nnaymmetric aix valued function of aix lettera. PM, 
(4), 21, pp. 369-377, 1861. 2. G&i^raliaation d'unthiorime 
de M. Cauchy. CB, 63, pp. 644-646, 722-724, 1861. 

To Tognoli (O.). 1. Intomo alia riaoluzione algebrica 
della equazioni. GM, 28, pp. 316-329, 1890. 

Vh Vahlen (Karl Theodor). Bationale fnnctionen der 
Wurzein ; aymmetriacheund Affektfunctionen. EM, 1, pp. 
449-479, 1899. 

Yd Yandermonde (Auguate Th£ophile). M6moire aur 
la r^aolution dea ^juationa. Paria, Hiatoire de racaddmie 
dea adencea, 1771, pp. 366-414. 

Yr Yeroneae (J.). Interpr^tationa g6om6trique de la 
th6orie dea aubatitutiona de n lettrea, particuliirement pour 
n  3, 4, 6, 6 en relation avec lea groupea de I'hezagramme 
myatique. AiM, (2), 11, pp. 93-236, 1883. 

Yv Yivanti (Giulio). 1. Sulla irrazionalitilicoRaedrica. 
PIB, 9, pp. 202-207, 1896. 2. Ueber gewiaae der Ikoaaeder- 
irratifinalitat analoge Irrationalitaten. Mh, 6, pp. 393-404, 
1896. 

Y Yogt (H.). Legona aur la r^aolution alg6brique des 
iquationa. Pp. 201, Paria, Nony, 1896. 
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dV deyrie8(J.)« 1. OvertripelvergeUjUngen. Amster- 
dam Verslagen, 8, pp. 64-67^ 1894. [PIB, 8, pp. 222-226, 
1894.] 

Wn Wantzel (Laarent). Demonstration de I'impoo- 
Bibilit6 de resoodre tontes les 6qaationB avec des radicaox. 
NA, (1), 4, pp. 57-66, 1846. 

W Weber (Heinrich). Lehrbnch der Algebra. Bruns- 
wick, Vieweg. (a). Vol. 1, 1895. (b). Vol. 2, 1896. (c). 
Vol. 1, second edition. 1898— French by Griess. (d). VoL 
2, do. 1899. (c) M. 10.00, pp. 703. (d) M. 12.00, pp. 855. 
1. Beweis des Satzes, dass jede eigentlich primitive qnad- 
ratische Form unendlich vide Primzahlen darzustellen fahig 
ist. MA, 20, pp. 301-329, 1882. 2. Die Oalois'scbe Oruppe 
einer Oleichnng 28** Grades. MA, 23, pp. 489-503, 1884. 
8. Abel'sche Zahlkorper. (l)-(3). AcM, 8, pp. 193-268. 
1886. 4. Do., (4). AcM, 9, pp. 105-130, 1886. 6. 
fAlgebraisch anflosbare Gleichnngen von Primzahlgrad. 
Marbarg Berichte, 1892, pp. 3-22. 6. Ganzzahlige algebra- 
ische Gleichnngen. CP, pp. 401-407. 7. Die allgemeinen 
Grundlagen der Galois'schen Gleichnngstheorie. MA, 48| 
pp. 521-549, 1893. 

Wt Wendt (E.). 1. Ueber eine specielle Classe von 
Gruppen. MA, 55, pp. 479-492, 1901. 

Ws Western (A,. E.). 1. Groups of order p*q. LP, 
30, pp. 209-263, 1899. 

Wh Whitehead (A. N.). 1. Sets of operations in rela- 
tion to groups of finite order. PBS, 64, pp. 319-320, 1899. 

Wk Wilkinson (A. C. L.). 1. On the transitive groups 
of 24 letters that admit of two different imprimitive systems 
of degrees 3 and 4. QJ, 30, pp. 157-165, 1898. 

Wi Wiman (A.). Endliche Gruppen linearer Subntitu- 
tionen. EM, 1, pp. 522-554,1900. 1. Die Vertauschungs- 
gruppen von 8 Dingen. GN, 1897, pp. 55-62. 2. Die 
symmetrischen und altemirenden Vertauschungsgruppen 
von n Dingen. GN, 1897, pp. 191-197. 3. f Bestimmung 
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aUer Untergrappen einer doppelt nnendlidieii Beihe you 
einfachen Omppen. Bihang Sveiuik. Ak. Hand., 26(1) , pi. 
2, pp. 47, 190a 

Yo Young (A.). 1. Qoantitatiye subsfcitational analy- 
sis. LP, 33, pp. 97-146, 1901. 

Yn Yonng(J. W.). 1. The holomorphiams of a groap. 
AB, 8, p. 197, 1902. 2. A certain gronp of iBomorphiama. 
AB, 8, p. 278, 1902. 

Y Young (Jacob William Albert). 1. On the detenni- 
nation of groaps whose order is a power of a prime. AJ, 
15, pp. 124-178, 1898. 

Zo Zochios. 1. 8nr les snbstitotions. OS, 120, pp. 
766-767,1896. 

Zs SSeigmondy (EL). 1. Beiirage zor Theorie Abel'* 
scher Gruppen and ihrer Anwendong anf die Zahlenfheorie. 
Mh, 7, pp. 186-289, 1896. 

Za Zulauf (Karl). Tripelsystome Yon 18 laementen. 
Diss. Qiessen, 1897, p. 22. 



v 



-.^s 



pppppppp 



>ViPipif«Pi!i 



"i^MIWiS99PT!flMRil«9«nPiVPPin^piipil 



m 



M«Mh«MaayH*«MiHiyiM«aAMl>lH 



i*MlM*l 



Mm 



Lg -fct-JLJ eft-*; ■? rr^'--**^ ■**■ »'»-' t.^^*. >. fa 



;;^32^£^^^^ 



1. SUBSTITUTIONB 

1. The operation by which the members of a set of qiuui^ 
titles are replaced by the same quantities in the same or » 
different order is termed a mbt Ht u l ion, 

C!hl, 4; A2,76; Ch8,162; Ch4,694 [280]; Bt2,61; 
J 1, 119 ; Be, 210 ; 8, c, 219 ; 8, e, 248 ; J 11, 141 ; J, 21 ; 
Ja 1, 280; Pt, 281; K, x, 227 ; N, 18; NC, 12; BD, 266 ; 
y , 1 ; Pe, 421 ; W, c, 614 ; E, 102 ; B, 1 ; Bi, 8 ; Bu, 209 ; 
lir,a,267. 

2. The quantities on which the subetitntion is performed 
are termed the lettersi elements, or marks of the sabstita- 
tion and their number is its degree (Jll, l^l)* the num- 
ber of marks replaced by marks other than themselves ite 
eUu8(K2,50; NC, 86). ' - 

3. If the substitntion 8 replaces the marks «|, s,, ' * *• t>7 
the marks y^, y^ • • y, (coinciding witii the se^b in some 
order), then 8 may be written in the form 






Cbl, 4; A2, 76; Bt2, 61*; Be, 230; N, 19; NC, 19; 
y, 3; W, c, 614; E, 103; B, 1 ; Bn, 209; N, a, 267. 
Inverted in Gh 3, 162 ; Ch 4, [281] ; Bt 3, 6;S, c,220;S, 
e, 244 ; Pt, 231 ; N, z, 227 ; Pc, 421 ; Bi, 4. 

4. The number of substitutions posnble on n marks is 
n!, if the (^identieal) substitution replacing each mark by 
itself is included* 

6. The numbei;* of substitutions of degree and class n is 
the integer nearest n I -i- e, where e is the Napierian base. 
(F2, 292). 

6. The effects of a substitution 8^ followed by a second S^ 
can be accomplished always by some single substitution 8^ 
termed the product of 8^ and 5„ and written 8^  8JSg, 
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Chi, 10; Gh, 3, 163 ; C)h, 4, [282] ; J 1, 120; Be, 211; 
S, c, 221 ; 8, e, 245 ; J 11, 141 ; J, 21 ; Pt, 231 ; N, x, 280 ; 
N, 24 ; NO, 23 ; BD, 266 ; V, 8 ; Pc, 422 ; W, c. 616 ; E, 
108 ; B, 4 ; Bi, 6 ; Ba, 210 ; N, a, 267. 

Note 1. The commutative law does not hold in general 
for such producta. — ^if ST^ TSj then 8 and T are termed 
permutable Bubetitationa. Bat for three or more factors the 
associative law holds. 

Note 2. 8, Pc, and many writers on the analytic repre- 
sentation of substitutions reverse the order of the factors. 

7. A substitution that efiFects merely a cyclic interchange 
of the marks is termed circular. 

Chi, 17 ; Ch3,167 ; Ch4, [286] ; 83, 60; Bt2, 63 ; Htl, 
331 ; Jl, 121 ; 8, c, 226; 8, e, 260 ; J, 21 ; Pt. 236; N, 34 ; 
NG, 36; BD, 262 ; Y, 2; Pc, 422; W, c, 634; E, 163; B, 
7 ; Bi, 8 ; Bu, 21m ; N, a, 262. 

8uch a substitution on, e. g.^ the arrangement S|, s,, * • x^ 
is denoted by (s„ «„ • • xj). 

8. Any substitution may be written as the product of 
circular substitutions, no two of which have a mark in com- 
mon and which are termed eyelet of the given substitution. 

Ch2,38;Ch3,169;Ch4, [286]; Brt, 126, Be 217 ; 8, c, 
226; 8,e,260; J,21; Pt,236; N,x,227; N,20; NC.19; 
BD, 263; V,2; Pc,422; W, 0,634; E, 166; B,2;.Bi, 9; 
Bu, 210 ; N, a, 262. 

9. Let 9 be the smallest positive value (not asero) of x for 
which 5' n 1. Then 9 is termed the order of & 

Ch 1, 13 (" degree '^ ; Ch 3, 167 (do) ; Ch 4, [284] (do) ; 
Bt2,64(do); A2,76; Jl, 121*; Be 211 ; 8,c, 224; 8,e, 
248; J,22; Pt,234; N,x,231; N,36; NC,36; BD,264; 

V, 4; W, c,642('*degree"); E,163; B,6; Bi, 7; Bu,210; 
N, a, 268. 

Note 1. 8"^ may be defined as S^. In particular S^^ is 
fhe inveric of & 

Note 2. (ST)-* - y5-». 
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Note 8. The order of a sabstitotioii eqnalB the L e. m. o< 
the orders of its c^dlee. 

Note 4. Ja this memoir the order of S^ will be denoted 
by i|i that of T^ by t^ etc 

10. jS' is of order « : dv{x^%). It contains il9(x, #) ^^eles 
if fif is drcolar. 

S, c, 224; B, e, 248; J,22«; Ft, 237; N,36; NC,86 ; B» Ift. 

11. The order of the product of two permntable snbetitd- 
tions is not greater than the L c m. of their orders, but may 
be less. (Fnll discnsdon in M 77.) The product <tf two 
not-permutable substitutions may be of any order. (M 82, 
M 72.) 

12. If the cydes of a substitution have aU the same 
order the substitution is termed regular. 

Ch 3,202; Ch 6, [342]; J 1, 123 ; 8,0,229; B,e,2BS; 
Ft, 237; B, 184; B, 7; Bu, 211. 

13. Every regular substitution is a power of a dicnlar 
substitution. 

8, c, 230 ; 8, e, 254 ; Ft, 238; E, 184 ; B, 8. 

14. If two substitutions differ only in the designation of 
their marks they are termed nmtlsr. 

Ch3, 165;Ch4, [288]; Ch 5, [348] ; 8, c, 233; 8, e, 257; 
J, 23; Ft, 239; N, 47; NC, 49 ; BD, 263 ; V, 10;Fc,480; 
E, 168 ; B, 7 ; Bi, 13 ; Bu, 211 ; N, a, 307. 

15. The substitution T^^ST is termed the trantfwrmed of 
ahjT. 

Bt 2, 55 (<' derived ") ; Bt 3, 6 (do); J 5, 110 ; J 11, 141 ; 
J, 23; Ft, 239; N, z, 242; N, 47; NC, 49; BD, 273; V, 
11 ; Fc, 426*; W, c, 548; E, 176; B, 27; Bi, 13; Bu, 211; 
N, a, 307. 

16. T-^STiA obtained by '' operating T into the qrdes d 
5," — t. e., by operating T on the marks of iff as they stand 
in their cycles. Whence 8 and T^^ST are nmilar. 

J 1 , 125 ; 8, c, 233 ; 8, e, 257 ; J, 23 ; Ft, 239 ; N, z, 242 ; 
N, 47; NC, 50; BD, 274; Y, ll;Fc460; W, c,686; B, 
176;B, 7;Bi, 18;Bu,211. 
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Note 1. A snbetitation can b6 tranfiformed into any sub- 
stitation similar to it. (C9i 8| 169.) 
Note 2. £frand T8 are similar. (Gh 4, [824]*.) 

17. A sabstitntion of daes 2 is termed a ^afupoadtbn. 

C!h 1, 18; A 2, 79 ; 8, 0, 227 ; 8,e, 251 ; J, 61 ; Pt, 286; 
N, X, 227; N, 14; NO, 18; V, 2; Pc,421; W, 0,79; B, 
140; B, 9; M, 10; Bn, 218; N, a, 258. 

18. Any sobetitation can be written as a product of trans- 
positions and in an infinite number of ways, the number of 
transpositions, howeyer, being always even or always odd. 
Hence substitutions may be classified as evm or odd. 

Gh2, 41 ; Ki 8, 225; 8, c, 260; B,e, 277; J, 61 ; Pt» 244 ; 
N,x,287; N, 18; NO, 17 ; BD, 269; V, 7; Pc, 480*; W, 
c, 687 ; E, 146 ; B, 10 ; Bi, 12 ; Bu, 218 ; N, a, 260. 

''First" and <' second" ''classes" inCSi, 8, W, "posi- 
tive " and *' n^ative " in lists of groups (due to 0.). 

19. An even substitution is a product of circular substi* 
tutions of class 8. 

Wn, 66; J,68; H4, 62 ; Y,7; W,c 588; E, 248; B, 10. 

20. If i9 contains m^ cydes of order n^ there are M^ m^ I 
m^ 1 •• n^ * n^ •• substitutions formed from the marks of B 
that are permutable with it. 

Ch9; J 1,129 ; Cp 1,66 and 70-74 ; 8, e, 270; E,494; B, 
216. 

21. If n is the class of B there are N^ n\:M substitu- 
tions similar to B. 

Ch4, [289]; C!h8;8,Cy 286; 8, e, 260; N, 22; NO, 22; 
BD,264. 

22. On the general theory of permutable substitutions see 

Bm;Ds. 

2. GBOUP8 

28. Let B^j £^, •• B^ represent a finite number of distinct 
things, subject to the following conditions : 

1. By some prescribed law the combination in a prescribed 
order of two things (identical or distinct) of the set is to be 
regarded as equal to some thing of the set. 
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2. If more than two things are oomfained the aaBodatiTe 
law is obeyed. 

8. u sfi^^ sfi^ (fiv u ajs.^ sfi;) ^m 8^^ 8^ 

The things folfiUing these conditions are said to form a 
finiie duotnUinuoiuB yroifp. 

The things forming the gronp are commonly termed «b- 
menff and may be regarded as uperaHim^ their combination 
will be rq;arded as their prwitM<. 

The following consequences of the definitions result im* 
mediatdy : 

1. The equation 8J3^^ 8^ can be satisfied whenever any two 
of these three elements are given and the third is to be found. 

2. Every group contains an element 8^ such tiiat 8fi^ 
mm 8J3^ — 8^ the iienitieal element, written as 1. 

8. To every element 5. of a group there correq;K>nds an 
dement 8j^ such that 8JS^ *- ^^^m * h ^^^ being termed 
the element inver$$ to 8^ 

The above definition of a group is the development of 
about a century. While the implicit concept of a group is 
as old as mathematical tiiought (cf. Pn), the idea appears 
explicitly first in I^^ and Yd, while the first definite enun- 
ciation of it seems to be that in Bf, a, 261. But the proper 
founder of group theory is £variste GaloiSy who formulated 
the following definition : 

A set consisting of a finite number of substitutions, such 
that the product of any two (identical or distinct) of the 
set equals a substitution of tiie set, is termed a gnngf ci 
substitutions. 

G8, 35 ; Ch 3, 183 ; Ch 4« [290]; Bt 2, 59 ; C4, [596]; Jl, 
120;Bc,212; 8,0,251; S,e,278; J8,770; J5,109; JU, 
141 ; J, 22 ; Ja 1, 284 ; Ft, 245 ; N, z, 231 ; N, 26 ; NC, 
25; Kl, 5; BD, ^57; V, 4; Pc, 424; W, c, 513,516; E, 
189 ; B, 12 ; Bi, 14 ; Bu, 211 ; N, a, 258. 

The separation of abstract group tilieory from that of sub- 
stitution groups is not easy to mark. J 14, however, is an 
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elaborate discu»4on of abstract groups and the earlier me- 
moirs of Klein dealt with groaps other than sabstitation 
groups although dosely connected with them. The honor 
of the first explicit definition of abstract groups is, howeveri 
due to Cayleji with this dictum, '' A group is defined by 
means of the laws of combinations of its qrmbols" (C IS, 
51 ; C 16, 127), published in 1878. (Cf. 1, [124].) The 
definition of a group given in connection with this dictum 
differs only slightly from the one in this section, formulated 
byFl,180. Cf. Hl,29; H6,806; BD,296; W,d,8;Bi, 
88 ; Bu, 218 ; Zs, 188 ; K, a, 286. A slightly less general 
definitions is given by I>y 8, 78 ; B, 11. Fbr very exact 
definitions see Hn 1 ; Mo 11 ; Hn 2. 

Certain terms applied to substitutions — as order, trans- 
formation — ^will be used for the elements of a group without 
repeating the definitions. 

24. The number of elements in a group is the order of 
that group. 

Bf, a, 251 C' degree of equaUty '') ; Ch 1,^ ('' indicative 
divisor"); Ch 8, 188 (''order"); Ch 4, 606; Bt 2, 69 
("degree") ; J 1, 120; S, c, 251 ; 8, e, 278 ; J 11, 141 ; J, 
22; Ft, 245; N, x, 281; N, 26; NC, 26; EI, 6 (''de- 
gree"); BD, 260; V,4; Pc,424; W,c, 617 ("degree") ; 
W, d, 4 (do.); E, 198 ; B, 14 ; Bi, 16 ; Bu, 212 ; N, a, 236. 

Note. It is customary to denote the order of a group by 
a subscript applied to its symbol, — as O^ And it is very 
convenient to consider O of order y, H' of order &', etc. 

25. Let two groups have the same order. If between 
their elements there can be established a one-one correspon- 
dence such that the product of two elements of one corre- 
sponds to the product of the corresponding two elements 
of the other, the groups are said to be abstractly identical 
or wmfly twrnorphit. 

J9, 886; J, 56; Cp 8, 38 ; Kl, 8 ; N, 97 ; NO, 88; BD, 
259 ; Pc, 452 ; W, c, 648 ; W, d, 6 ; B, 22 ; Bi, 81 ; Bu, 
217 ; N, a, 889. 
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ASSTRACT Oi 

DwritM 0-^& 

26. If all ths ( 
group is termed oi 

K 6, 882 ; BD, : 
Ba, 222; N, a, 28 

27. A groDp COD 
termed eyeli& 

' Kf, »,247("b!i 
V, 46; W, c, 617; 
264 ; and implidtl 

28. It aome ot t 
selves, Hiask divit 

JHvitor in G 4, £ 
d, 7 ; N, a, 286. 

Subgroup in N*, 4 
26 ; Bi, 16. 

Unnamed in "Bt 
246; N, X, 240. 

f will be alwa; 
benins revenes tb 

29. Uffisaenl 
06, 26;04, [2 

278; J 11, 142; ;., „, .., , „, ^ , „, „, , 

47; BD, 271; V, 9; Pc, 448; W, c, 644; W, d, 10 ; E, 208 j 
B, 26 ; Bi, 16 ; Ba, 212 ; N, a, 238. 

30. The notation 0—3+8^+8^3+- +8,HwMia- 
trodaced l^ Or. And the set of elements 8^ — which ii 
not a groQp — ia termed an adjutut group of S. (W, d, 8 ; 
"S, a, S06 (" conjugate compl^).") 

31. The order ot every element ot divides g, 

Ch 3, 186 ; Ch 4, [291] ; Bt, 2, 60. Others as above. 

32. The ratio ^ : A is termed the indae ot S ander Q, and 
isdenotedbfCO, f ). Dd, 476 ; W, d, 8 ; Ba, 212. OOien 
as in no. 49. 

33. The elements common to two groaps and C form 
a group H Uiat is a sabgronp of both O and &, 
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8, c, 254 ;a e, 281 ;Pt, 247;N, 45 ;N0, 47 ; F8,220 ;BD, 
276; Pc,449; W, c, 551 ; W,d,10; E,213; B,26; B, 18. 

JET is known as the erosi^ul or greatest eammon diviear of O 
of O' and may be written as dv{Of (?')• 

34. All elements permutable with a given element form a 
group. 

C9i3,225;S,c,260;S,e,287:C9, [47] ; Pt,247;N,85; 
NC, 80 ; BD, 277 ; V, 12 ; E, 209 ; B, 29 ; Bi, 18 ; N, a, 308. 

35. If (? contains 8 and A — 1 other elements permntable 
with 8j then O contains g/h elements conjugate to 8. (Two 
elements of a gn>ap are conjugate in the group when one 
can be transformed into the other by an element of the 
group.) (B, 29 ; N, a, 309.) 

36. All elements transforming a given element into its 
powers form a group. 

Jl,130;8,c,261;S,e,288;Pt,248;N,48;NC,51;E,216/ 

37. By combining in every possible way a number of 
given elements and groups 8^f 8^^ • ; O/. &/' • •, a group is 
formed that is said to be generated by 8^^ 8^i * *f 0\ 0"^ • -t 
and which is written as {/8^, 8^ • % O', O', * *}. 

ph 3, 183 ; Gh 4y 605 ; BC| 220 ; all later writers. In par- 
ticular Dy 2. 

38. From every group it is possible to choose a set of ele- 
ments such that the group is generated by them, but none 
of the set can be expressed in terms of the others. These 
are termed generating elemenU, (J 1, 120 * ; Bo^ 220.) These 
generating elements define the group completely and the 
relations between them are termed the equations of the 
group. 

Certain cases are studied in Bru 1 ; Brn 2 ; Fl ; M 82 ; 
M 83 ; M 85 ; M 86 ; H 88. 

By the theory of these generating elements several 
methods have bep^n devised for the graphical representation 
of groups. C 13 ; C 15 ; C 16 ; C 18 ; Dy 2 ; Mo 7, 273 seq ; 
Kpy 18 ; B 1 ; B 2 ; Ms ; B, 255 seq., 306 seq. ; Hf 2 ; Fk 1. 
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46. If G oontaiiu » sabstitation of otaas h but none («<• 
*^- cepting 1) of lower dass, O is said to be of class h. 

J 21, 408 [864]; J 22, 868 ; N 6, 387 ; Bn, 214. 

46. The group formed by all the (n 1) sabstitations pos- 
sible on n marks is termed the tj/mmetrio group of degree n. 

» Ch3, 183 ; S. c, 251 ; 8, e, 278; J,26;N, z, 236;N,88| 

NC, 32; BD, 267 ; Y, 6; Pc, 424; W, e, 633; E, 192; B, 
1^1 139 ; Bi, 16 ; Ba, 218 ; N, a, 268. 

47. This group is defined abstractly by the equations : — 
«! fli» - fl^' - ... - flU* - 1, -8iS,-5yS.(<-l. 2, .n-3,J- 
i < + 2, » + 3, ••• n - 1), 8fi^^,^ S^^fl^f 

* D,287. Ct. Cp 6 ; B 13 ; Mo 6, 363, 864 ; D 19, 361 ; dS 

1, 1031. 

\ 48. The order of every substitution group (A degree n di- 

vides % I. 

I Ig, 373* ; Bf , a, 102* ; Ab, 38 (first complete proof) ; A 2, 

76;Ch3,184;Ch4, [291];82,7; S,a;Jl,121;Bc,212; 
8, o, 264 ; 8, e, 280 ; J, 26 ; Pt, 246 ; N, X, 241 ; N, 44 ; NC, 
46; BD, 270; V, 10; Pc, 427; E, 198; B, 139; K, 18; Bn, 
212. 
49. The ratio n t : ^ is termed tiie index of G, 
Ch 1, 6 ; 8, c, 287; 8, e, 314; Pt, 269; E, 201 ; B, 382; 
Bn, 212. 

60. The group formed by all the (^ - m 1) even substitn- 
tions possible on n marks is termed the aUemoting group of 
degree «. 

Ch 1, 19 (implicitly); Be, 226 ; 8, o, 267 ; 8. e, 284 ; J 8, 
773; J, 63; Pt, 261; N, z, 237 ; N, 33 ; NC, 33 ; BD,269; 
y, 6 ; Pc, 430 ; W, c, 638 ; E, 192; B, 139 ; Bi, 16 ; Bn, 218 ; 
K,a,261. 

61. This group is defined abstractiy by the equations : — 
1 - fli* - fli^,« - (5^)» - iSfi,yii,j - 1, 2, ... n - 2, » • 

D,289. Cf. B 13. 129*; Mo 6, 366; D 26, 664; dS 1, 
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62. There is no other sabetitation group of degree » and 
order I- '111. 

Ab; Mt 8, 19*; Be, 227; S, c, 257; 8,e,284; 1% 251 ; 
N, 84 ; NC, 84 ; E, 198 ; Bi, 19. 

68. All or exacUy half of the sabetitatioiis of every sab- 
etitotioii group are even* 

J, 62 ; N, 85 ; NC, 85 ; B, 140. 

54. If a group of degree n contain fhe subetitutiona (128), 
(124)| • • (12n), it contains the alternating group of degree fu 

8, e, 259 ; 8, e, 286 ; N, 85 ; NO, 85; Y, 7 ; W, c, 589 
(with an extension); B, 10. 

55. If a group of d^ree n contain the substitutions (12), 
(18)| — (ln)y it is symmetric. 

Be, 228 ; N, 88 ; NC, 88 ; y, 5; W, c, 584; B, 10. 

56. If a group of dq;ree n contains all possible drcular 
substitutions of dc^gree m, it is the symmetric group or con- 
tains the alternating group according as m is even or odd. 

8,0,259; 8, e, 286; Ft, 252; N, 85; NG, 85; E,251; 
N, a,268. 

57. If two substitution groups differ only in fhe desig- 
nation of their marks they are termed rimtZor. 

8, c, 255 ; 8, e, 282 ; N, 47 ; NC, 49 ; E, 211 ; ST, a, 807. 
It is not sufficient that all the substitutions of one should 
be similar to all thoseof theother. Bz 1,204 ; B 14 ; H 54. 

58. For a compact (although somewhat complicated) 
notation for substitution groups see C 19 ; Ck> 7. 



4. OONJUGAOY 

59. If all the elements of a group O are transformed by 
an element 8 (whether in O or not) the resulting elements 
form a group. This group is termed the iran^crm/ed of O 
by 8 and is written 8^08. 

Bt2,61; 8,c,255; 8,e,282; Jll,142; J, 24; Ft, 247; 
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60 ABSTRACT GB0UF8 AND SUBSTITUTION QBOUFS 

N, 47 ; NO, 49; Kl, 7 ; BD, 273 ; V, 11 ; Pc, 426; W, e, 
548; W, d, 11; B, 28; Bi, 36; TS, a, 307. 

60. If S^OS^ G, 8 is said to he permuiabU with O. 
Jl,162; J, 24; Pt,247; N,86; NC,79; V,12; E,211 ; 

B, 29; Bi, 36; N, a, 326. 

61. If jETand H' are sabgroape of O and if O contains an 
element 8 such that S~^H8 «• H\ then H and H' are termed 
conjugate 8ubgrcup$ C gleichberechtigt "). 

Ki2, 78 ("equivalent"); Dy3, 76; K3, 7 ; NO, 49; 
BD, 274 ; V, 12 ; W, c, 547 ; W, d, 11 ; B, 29 ; Bn, 
218. 

62. If every element of (? is permntable with Jf, JT is 
termed a idf-eofyugaie or invariant sobgronp. ("An^ge- 
zeichnete Untergmppe, " " Normaltheiler. ' ' ) . 

O 5, 25 ; Bt 2, 66 ('^proper divisor '') ; 8, c, 621 ; 8, e, 
661; J, 41; Kg 2, 431 ;D7 3, 76; N, 85; NO, 79 ; El, 7; 
F 2, 285 (" monotypio'O ; BD, 274 ; V, 12 ; Pc, 461 ; W, 
c, 553; W, d, 12; B, 29; Bi, 35; Bn, 219; N, a, 328 
C'antojngate"). 

63. If a groap contains no sdf -con j agate snbgroap other 
than identity it is termed rimple. Otherwise it is eomponfo. 

05, 26 C^indteomposable"); Bt2, 62 ('' prime ")i ^1> 
283 ; Dp 1, 433 ('' inseparable ''); J 3, 772 ; J 11, 142 ; J, 41 ; 
Op3,76;Pt,248;N,86;NO,96;Kl,7;BP,294;V,16;Pc, 
451 ; W, c, 553 ; W, d, 13 ;B, 29;Bi, 36 ; Bn, 219 ; N, a, 328. 

64. If jEP and H" are self-conjagate sabgroaps of 6, they 
are permntable, dv{H'^ H") is self-conjagate in JEP, JST", 
and O, and {IT, JET'} is seU-conjagate in O unless it coin- 
ddee with O. 

If JEP is self-conjugate in O while H" is a not^self-conjn- 
gate subgroup, then dv(^H'f H") is self-conjugate in JET and 
H" but not always in O. 

If JJis self-conjugate in O and J self-conjugate in J7, /is 
not alwajrs self-conjugate in 0. 

The sdf-conjugate elements of a non-abelian group form 
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a Bdf -<x>njiigato abelian subgroup — the cogredieni sabgroap. 
(M 49, 222.) 
If fl* is sdf-conjagate in O, S^BS is self-oonjugato in 

Beterenoes tor the above theorems seem nnneeessary. 

66. All elements permntable with a'groap O form m 
group Ff identical with O or oontaining O self-conju* 
gatdj. 

N, 86; NO, 80; V, 12*; BD, 277 ; B, 81. 

66. If jP is a sabgronp of a still larger group E^ then JS 

oontains-^ subgroups eon jugate to O. (B, 81.) 

67. If jEP and JET" are each self-oonjugate in O and if 
dvi^H'f H") i- 1, then W and H" are absolutely permnt- 
able. (Na89.) 

Dy 8, 97 ; HI, 86 ; F 4, 169 ; F 5, 982 ; B, 44. 

68. Two simple groups of the same order are not neces- 
sarily isomorphic This is proved by the existence of two 
non-isomorphic simple groups of order 20160. (St 1 ; St 
4.) More generally in D 24 ; D 26. 

69. For tests as to the simplicity of a given group sea 
I>y 8, 77 ; Ft 2, 507 ; B, 84. With Kl, 18 ; Mo 8, 64 com- 
pare M6. 

70. If an element (or subgroup) of a group be trans- 
formed by aU the elements of & in turn, the resulting dis* 
tinct elements (or subgroups) are said to form a tmnglUU 
(jconjttgate) Hi in O. And all the elements of O can be dis- 
tributed into mutually exclusive complete sets. 

F 1, 181 ; Dy 8, 76 ; W, d, 182 ; B, 81. 

Note. On the basis of these complete sets has been con- 
structed a theory of the utmost importance — that of group 
characteristics. See F8, and following papers, B 19, and fol* 
lowing papers, W, d, 198 seq. 

71. If iSi, 5„ • • /S. is a complete set of elements or sub- 
groups in O, then \8^^ 8^^ • • 8 J coincides with G or is self- 
conjugate in O. 
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63 AB81BACT GM0UP8 AND aUBSTITVTION OEOUfS 

J 27| 176 ; Dy 8| 76 ; By 84. And obyloady. 
72. If ir,| - • J7^ is a complete set of sabgronps in O^ then 
iIv(J7j, J9^, — J7.) Is self-conjugftte in O. 
Yj 190 ; W, c, 5S8 ; B, 38. And obvioody. 



5. MULTIPLE I80MOBPHI8M AND QUOTIENT 

OBOUP8 

73. Between O and & let the following relations exist : 
1. 9 a mg^ where m is an intc^;er. 2. To each element of 
CF there correspond m elements of O^ snch that if S^S^'^^SJ 
in O' then the product of one of the m elements correspond- 
ing to 8 J in O by one of those corresponding to /S/ is an 
element corresponding to 8J. 8. To each element of O cor- 
responds one and only one element of 0\ Then O and O' 
are (m — l)-/oU isomorphia 

J 9, 836 ; J, 66 ; Cp 8, 38 ; N, 97 ; NC, 83 ; Kl, 8 ; HI, 
82; BD, 276; Pc, 462; W, d, 18; B, 86; Bi, 81; Ba, 
217; N, a,841. 

I suggest the notation O ^ (m) 0\ 

74. Again, let : 1. tij^ « m/. 2. As above. 8. To each 
element of O there correspond n of O'. Then O and O' 
are (m — n)-fold isomorphic (Then O (n) '^ (m) O'.) 

Cp 3, 33 ; BD, 290* ; W, d, 19 ; B, 40. 

76. Let O contain a self-conjugate subgroup H and let 
g/h SB y. Then a group F can be constructed, of order y 
and such that O '^ (A) r. And 1 in r will correspond to H 
in O and every other element of F will correspond to an 
adjunct-group to IT in O. 

03,46;G6,26; Bt2,61^; J 9, 836«; J, 40; J26,46; 
Cp 3, 46; H 1, 31; NC, 96; BaE, 93 ; BD, 296; Pc, 462 ; W, 
d, 16 ; B, 38 ; Bi, 36 ; Bu, 219 ; N, a, 848. 

76. ris represented by the symbol -^ (J 26| 46 — cf. 

20) and is termed the juotieni-graup of O and H. 
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F 4| 169 UMB this symbol in a slightly extended sense — 
Biy 36 applies it also to the case where JS* is not self-con- 

jngate. (Then ^^^^f ^ ^ being the|] largest subgroup 

of JET that is self-conjugate in O.) 

77. U O^ (h) Of and if the (self-conjugate) subgroup Jff 

corresponds in O to 1 in G'^ then -^ «%• fl^« 

F 4y 168 ; Wy d, 19 ; B, 88 ; others implicitly. 

More generally, if (?( V) ^ (A) & let jET' in O' correspond to 

iin<?. Then^'^^. (F4, 189.) 

78. If Q&^&Q, let J"- {<?, G"} while K^ dv{G,€r). 

X Cf 
Then -q'^^^ (F ^i 169,— cf. no. 79, below.) 

79. Let JET be a sdf -con jugate subgroup of G' and let jETbe 

H 
a self-conjugate subgroup of O contained in H. Then •» 

is self-conjugate in =. (Beference needless.) 

If jET is self-conjugate in O^ let -^ have a subgroup M. 

Then has a subgroup H and h *■ ml. If if is self -con- 

O 
jugate in -^, IT is self-conjugate in O. (Do.) 

80. Let H be self-conjugate in (7. If IT is a subgroup of 
no larger self-conjugate subgroup of G, it is termed a 
maximal self-conjugate subgroup of O. 

Jll, 151; J, 41; N, 86; NO, 96; E3, 7; HI, 80; BD, 
294; y, 16; Pc,463; W, d, 23; B, 35; Bi, 36; Bu, 219; 
N, a, 831. 

Then -^ is simple. (Op 8, 76.) 

81. Let O have the two maximal subgroups H and H' 
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and let dv (jff, J7') ■- JEl Then JT is a maximal self-con- 

« A' 
jugate subgronp of both fl'and H\ And i"  7- 

J12, 141*; J, 43; Cp3, 79; Hl,36; N, 89; NO, 99; 
BD, 299; Y, 17; Pc,459; W, d,,28; B, 121 ; Bi, 42; N, 
a, 833. 

H 

H 1, 36 ; BD, 299 ; W, d, 28; B, 121 ; Bl, 48. 

83. More generally^ let f be self-conjngate in O and let 
JTand K' be sabgroupB of JST that are each self-conjagate in 
O. And| while JTand K* are not neceesarily maTimal in H^ 

let there be no eelf-conjngate sabgroup o/ O that is con- 
s' JT' 
tained in H and that contains K or K\ Then ^^ -j-^ 

and ^ '^ ^, where cI«(JE; K')»L. (N1, 84*; B, 119.) 

84. Let ITbe maTimal in O. Then Q can be generated 
by fl'and a set of elementSy conjugate in O^ and which oc- 
cnr in H only when raised to a prime power. (Conse- 
quently a simple group can be generated entirdy by a con- 
jugate set of elements of prime power.) 

J 1, 192 ; N 1| 91 ; N, 91 ; NC, 101 (translation obscure). 

6. COMPOSITION SEEIES 

86. Let 0| H^ If -M jL be a series of groups, so chosen 
that each is a maximal self-conjugate subgroup of the pre- 
ceding, while L is simple. These are said to form a eompati' 

a k 
turn teries of 6, and the ratios |» 7 "- 1 are termed the eompih 

tUum fa/ekn. 
J 1, 192* («6chelle") ; J 3 (impUd«ly); J 6, 113* 

("6dheUe"); J ^h ^^^i J ^^i ^39 ; J 18> 267 ; J, 41 ; Cp 
3, 83 ; N, 87 ; NC, 96 ; Ft 2, 498 ; Bz, 97 ; BD, 294 ; V, 16 ; 
Po, 464; W, d,23; B118; K,48; Ba, 220; N,», 831. 
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86. The (simple) groups ^9 -^9 '" 7 ^^ termed the fadar 

graup$ of O. 

J 26, 48 ('' composing groups"); H 1, 33; TSQ, 96; 
B 118 ; used by others unnamed. 

87. The composition factors of a given gronp are the same 
(except as regards order) however the series is chosen. 

Stated in J 11 ; J 12 ; J 13, as above. Proofs as above, also 
in N 1,84; Br; P4. 

88. The factor groaps of a given gronp are the same (ex* 
cept as rcigards order) however the series is chosen. 

Cp 3, 79* ; H 1, 38 ; BD, 297 ; F 4, 169 ; Br, 234; B, 122; 
Bi, 47 ; Ba, 220. Gf. Dv. 

89. If J7 is a subgronp of O each composition factor of 
H divides one of the composition factors of O. (J 12, 140.) 

U O^ (h)0' and if IT in O corresponds to 1 in G^, then 
tiie composition factors of O are those of O' combined with 
tiioseofJET. (Bi, 47.) 

90. If His any sdf-conjngate subgronp of (?, Jfoccnrs in 
some composition series of O. (W, d, 30 ; Bi, 49.) 

91. The alternating sabstitntion gronp of dc^gree > 4 is 
simple. Hence if n > 4, the symmetric gronp of degree % 
has the composition factors 2 and ^*fi I. 

J 3, 773 ; J, 66 ; N3, 87 ; K8, 208 ; N, 91 ; NO, 102 ; Kgl; 
Kl, 18; Bz, 98; BD, 316; Y, 18; Pc, 462; W, c,649; Bk 
2, 581 ; B, 154 ; Bi, 54; Bn, 219; N, a, 811. 

92. Let G, jET, /, •• X, 1 be a series of groups so chosen 
that each is self-conjugate in 0, while no self-conjugate 
group of O exists that is contained in one of these groups 
and contains the next following. Then these groups are 
said to form a chief -teriei of O. 

J, 48; J19, 7; Hl,38; W,d, 31;B, 123;^, 50; Bu, 
220. Slightly different use in N 1, 84 ; N, 92 ; NO, 104 ; N, 
a, 336. 

The invariancy of the chief composition-factors and factor 
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groops is tme in this case also (J, 6691^— others), bat not 
always with Netto's definition (d(. N, a, 837). 

93. When a chief series is converted into an ordinaiy 
series by the insertion of other gronps, let H'H^^ ••• E^ be 

insertedbetweenirandJSr(e.g.). Then-^^'w— #^ - '^-js-. 

And H can be generated by IT and a + 1 conjugate groups, 
one of which is EP. 

J, 48* ; J 19, 7 ; N 1, 88 ; N, W ; NO, 106 ; H 1, 38 ; W, d, 
32 ; B, 127 ; Bi, 60 ; Bn, 220 ; N, a, 887. 

Consequently if the last group of a chief-series is com- 
posite, the last group is the direct product of simply iso- 
morphic simple groups. 

94. Let Tp r„ r., - be the compositton-factors of a group, 
If r^ and r^ are not equal, a composition-series G, jET, •• J, Jl 

can be arranged so that -; a r^and so that Jis self -conjugate 

in O. Hence if the composition factors of a group are not 
all equal, the group has a chief-series. (N, 94 ; KO, 106 ; 
W, d, 38.) 

95. If tiie composition-factors of a group are all primes, 
the group is termed sohMe. 

J 1, 192 ; J 5, 111 ; J, 385, 387 ; Pt, 289; N, 275 ; NO, 
287;BD, 304; V, 192 ; Pc, 479 ; B, 130; Bi, 64; Bu, 225; 
H, 497. 

96. Subgroups of a soluble group are soluble. 

J 5, 119; J, 387; J, 19, 2; N, 277 ; NO, 288; B, 130 ; H, 497. 

97. Every abelian group is soluble. (J, 287, — all others. ) 

98. Every soluble group contains a self-conjugate abelian 
subgroup. 

J 2, 963 ; J5, 118 ; J, 395 ; Ja 4, 292 ; N 1, 92 ; N, 276 ; 
NO, 288 ; W, d, 33 ; M 13, 267 ; M 32, 187. 

99. If the composition-factors of a soluble group can be 
taken in any order, the group is the direct product of sub- 
groups whose orders are powers of primes. (B, 181.) 
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Other properties of 
also B, ISl ; M eo. 



be giyen laler. See 



7. OOMMXTTATOBS 

100. If 8 and T are two elements, the prodacts A'* T^* 8T 
and T-*i8-» TS (— (flf-* r-*5r)-*) are termed the ecnmaw- 
lafofvof 5and 21 

F9, 1848; Dd 1,653; M32,186; Ba, 210 ; W, d, 188 ; 
Al, 141; So 3, 876. (Dae to Dd.) 

101. The commutators of all the pairs of elements of a 
group O form a self -con jugate subgroup O^ 6t O. O^im 
termed the eommutaiar iubgraup otfird derived group of O. 

M 13, 268 ; F 9. 1848 ; M 32, 135 ; M 47, 231, W, d, 134; 
8c 8, 876. 
Note. If O is abdian, O^ is identity. 

102. If O^ and O coincide, O is termed perfeeL (M 82, 
136 ; M 47, 231.) For a study of such groups see M 86. 

108. If a self -con jugate subgroup H ot O contains 0„ 

then -^ is abelian. And conyersdy. 

M 13, 267 ; F 9, 1348 ; M 32, 137 ; W,d, 134; 8c 8, 877.4' 
(DuetoDd.) 
Note. It follows that a group simply or multiply isor* 

morphic with an abelian group is not perfect. And that ^ 

is the largest abelian group with which O is isomorphic 

104. Every perfect group is isomorphic with some simple 
group of composite order. (M 86, 278.) 

105. Let G, be the commutator subgroup of O^ termed 
the second deriyed group of O. And let 0„ O^. - be the 
third, fourth, •• derived groups of O. If one of these 
groups reduces to identity the group G is soluble. And 
conversely. 

J2, 963; J6, 118; J,895; Ja4,291; N 1, 92 ; N,276; 
NC, 288; H 13, 267 ; M 32, 137; N,a, 886; 8o8, 878. 
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106. If the oommatatora of a groap are Bdf oonjngatey the 
groap id termed mdabeUan, (Fi 2^ — eee his artideSi espe- 
Fi5.) 
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8. ABELIAN OBOUFS 

107. From every abelian groap there can be selected a set 
of generating elements 8^^ £^, ••• 8^^ each that the product 
Sf 8f — 8£ equals every element of the group once and only 
once as a, fi^ •• pl take all possible values froin to «|, i^, ••• «. 
respectively. Such a set of elements is termed a basis of the 
group. 

K 6, 883 ; FS, 219 ; W 1, 806 ; N, 146 ; NO, 159 ; Y, US; 
W, d, 39; Zs, 211 ; B, 52 (impUdtly) ; Bi, 76; Bu, 222 ; 
Hf 8, 261 ; N, a, 242. 

Note 1. The definition above is that of Weber. Most 
other writers require that the order of each bads element 
shall divide the order of the following (a ** reduced " basis — 
Hf 8| 261). In order to determine the basis more uniquely 
other conditions are imposed by Bi and N, a. 

Note 2. The basis may be diosen so that the orders of its 
elements are powers of prime numbers. ( W 1, 307 ; W, d, 
46.) 

Note 8. For the origin of this concept see Oauss, Works, 
vol. 2, p. 266 and cf. Sn. 

Note 4. If A divides g^ O contains a subgroup of order &. 

108. The number of elements in a basis depends upon the 
dioice of the basis. When this number is as small as posdble 
it is termed the rani of the group. __ . 

F8, 219 ; Bu, 222 ; N, a, 249. Of. F 6, 1030. 

109. Let $^j «,y •- <. ; s/, «/, •• $J be the orders of the de- 
ments of two distinct bases of a given abelian group. Let 
j» be a prime number and let <| « p*t^^ s^ &■ j>H„ ••• $^aj>\ ; 
i^' tmfFt^^ V ""l^Vr" 'J'^P^^Jf where these f^s and f 's are 
prime to p. Then, excluding the zero-th powers of py the 
powers p% p\"' p* are the same as the powers pF^ p^^ •• py ez- 
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oept as regards order. Then the totality of the different 
powers of the different primes that divide the orders of the 
elements of a basis is the same however the basis is chosen. 
And these powers are termed the iwoarianJU of the given 
group. 

W,d,46. Cf.EB,288; N, 147 ; NO, 159 ; W4,107; V, 
148 ; Bi, 78 ; Bn, 222 ; Hf 8, 261 ; N, a, 248. . 

110. Two simply isomorphic abeUan groups have the 
same invariants. And conversdy. 

W 4, 110; W, d, 48; B, 64 ; Bi, 78. 

111. If G is an abelian group, let jr -■ 2'p^jv •• where p^ 
ft *' Bre distinct odd primes. Then O is the direct product 
of its subgroups of orders 2*| p^, ^^ •••. 

Gauss (1. c) ; FS, 231 ; W 1, 806 ; W, d, 40 ; Zs, 211 ; 
B« 48 ; Bi, 70 ; N, a, 252. 

Note. If an* abelian group is not divisible it is qyclic and 
its order is a power of a prime. 

112. If an abelian group of order p^ has its invariants 
j9«i, p«iy ... j>"Si then each of these is the order of an dement 
of a basis system and j>"i—p">—j>*N« |y*. And the number 
of types of abelian groups of order j^ is equal to the number 
of possible partitions of a into numbers whose sum is a. 
And a type as, e.g.^ the above, may be denoted by the aym- 
bol (ia|, m^ '* si^). 

T, 132 ; Zs, 203 ; B, 68. 

113. Such a group if of type (1, 1, 1, — 1) has 

(p> - 1) (p>-i - 1) .. (y>-fH - 1) 
(J>-1)(P*-I)-(1^-1) 

subgroups of order J>^ (B« 60 ; Bg 1, 66.) 

Note. For a more complete study of sudl groups the con- 
cept of the characteristics should be introduced. See Dd; 
W 1; W 3; W 4; W, d, 49-60. Cf. also N, a, 248-256, and 
(espedaUy) Zs. 
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9. GBOXTFS WHOSE OBDEB IS A FOWEB OF A 

PBIME KUMBEB 

114. If is of order p"^ it is soluble and aU its compoei- 
tion-factors equal p. 

By 2, 588; Cp 3, 69, 73; F2, 282, 285; W, d, 140; B, 64; 
Bi, 64; Bg 1, 67. 

115. Each sal)groap of index p is self-conjogate. (F 4, 
171; F 5, 982; B, 66.) 

116. O contains self-conjugate elements other than iden- 
tity. (Sy 2, 588; F 5, 981; B, 62.) 

117. JtO'mf^^OiB abdian. 
N, 137; NO, 149; aU others. 

118. If (? a|>* and m > 3, (? contt^s an abdian subgroup 
of order jp^. 

M 12, 371; M 13, 233; M 19, 111. 

119. If 0»j9" and m>|> + 4, then O contains an abe- 
lian subgroup of order j9\ (M 19, 118.) 

120. If (?» j9" the cogredient subgroup of O is of an order 
<j9*^* unless O is abdian. (B, 63.) 

121. If 6 n />" and O contains t subgroups of order p^ 
(n < m), then tml (mod jp). 

F 5, 990; B, 71; IB^ 1, 67. 

122. If ^ « 1 (7 is cydic unless p — 2, n — 1. (B, 73, 76.) 

123. If n Bill — 1 and if the cross-cut of O^b i subgroups 
of order |>* is of order jj*, then <■■ (p*""— 1) : (j> — 1) . (Ba 3, 
508.) 

124. If O — p* and if iT is a subgroup of a with la jy* 
(«<»!— 1), then for. every int^er n (m > n > «) a group 
H exists of order />*, contained in O and containing H. And 
if f' is self-conjugate in 6, then H can be found so as to 
be also self-conjugate in O. 

F 4, 173; B 8, 209*; B, 65*. 

125. Consequently, if O^p^^ O has a e&ief-series with 
f^fcctors all equal to p. (Bg 1, 67.) 
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126. 11 O^fT every self-conjogate 8al)groiip of O coo- 
tains a self-conjugate element of O that is of order p. (F 6, 
988.) 



10. SYLOW'S THEOREM AND ITS EXTENSIONS 

127. If p* is the highest power of p that divides ;, then O 
contains a snbgroop of order ji*. 

By 2, 586; N 4, 249; N, z, 244; Gp 8, 61; N, 49; NC, S8; 
F 1, 180; F 2, 282; Ml, a, 116; B 8, 10; F 6, 987; W, d, 186; 
B, 92; Bi, 67; M 88, 825; Bn, 228; An 8. 

Note 1. The writers prior to F 1 rested the proof of this 
theorem on the following lemma: 

If j/ is the highest power of p that divides n I, then a snb- 
stitntion group can be formed of degree n and order |/. 

Oh 8, 196 ; Ch 6, [352]; S, c, 276; S, e, 802; J, 27 ; N, z, 
288 ; E, 222. 

Note 2. Consequently! by no. 114, O contains snbgroaps 
of orders p^"^, P^^\ '"P and hence elements of order p. 
For this last see Ch 8, 260 ; Ch 6, [868] ; J, 26 ; E^ 846 ; 
M 88| 828* 

128. If O contains h subgroups of order p* then hml 
(mod p), and these subgroups form a complete conjugate 
set. 

Mt4,808*; Sy 1, 109*,114* ; Sy 2, 687 ; Cp8, 67*; K, 
z, 246^; N, 182 ; NC, 146 ; F2,282, 284; Ml, a, 116; B8, 
10;F4,174; W,d,187;B,92;Bi,62;M88,826;Bn,32S; 
An 8. For a closer study of i see Sy 8, 216 ; F4| 174 ; M 
76; B20; B22; etc 

129. If J7 is the largest subgroup of O that contains a 
subgroup of order jp* self-conjugatdyi then g/h  h 

8y2, 686; N, 182; NC, 146; F 4,174; W, d, 187; B, 
94 ; Bi, 62 ; Bu, 228. 

130. 11 fi<a every subgroup of order p^ occurs in a sub- 
group of order jp\ 

6 
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Cp 8, 68; F 2, 2M; B 8, 12; F 4, 174; W, d, 187; B, 
94; Bi, 68. 

181. If there are t eabgroope of order f^in Of then iml 
(mod p). Bat these subgroups do not necessarily form a 
complete conjugate set 

F6, 988; B, 110; Ba 1, 66. ' 

182. If p and q are distinct primes let O contain at least 
one subgroup of order pV* Then the total number of such 
subgroups in O is of the form 1 + ip + lq. (M 38, 826.) 

188. Let O contain m subgroups of order y/p^. Then 
m a or 1 (mod p) according as there are self-conjugate 
subgroups among them or not. (Ba 1, 60. See for further 
extensions.) 

184. Let p divide g. If n can be chosen so that 
9>j>'^nr^i then O contains an abelian subgroup of order 
pT. (M 88, 120.) 

11. HAMILTONIAN OBOUPS 

186. The group whose equations are 8t^8i^ 1, S^'^SJS^ 
SB 8lf Si'^Slia termed the qwUemUm group, Q. Its order 
is 8. 

Kp, 46; Dd 1, 649 ; Bu, 228; W, d, 127 ; Al, 188. 

186. Q is simply isomorphic to the group formed by the 
quaternion unities i, t, jf &. 

Kp, 46; Dd 1, 651; M 46, 816; W, d,127. 

137. If all subgroups of a non-abelian group are self-con- 
jugate, the group is termed Hamiltonian. 

Dd 1, 549; M 42, 1406; M 48, 510 ; M 47, 229; Bu, 228; 
W, d, 129 ; Al, 188. 

188. Every Hamiltonian group contains a quaternion 
subgroup and hence is of even order. (Dd 1, 658 ; Al, 142.) 

189. If an element of a Hamiltonian group is not self- 
conjugate it is conjugate only to its own powers. And if all 
the elements of a group have this property the group is 
Hamiltonian. 
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Ddl, 668 ; W, d, 129 ; Al, 188. 

140. If a Hamiltonian groap of order 2« and an abeliaa 
gronp are absolutely permatable, their direct prodock Is a 
Hamiltonian gronp. 

Ddl, 660*; M48, 614; W, d, 129*. 

141. Conversdy, if is Hamiltonian and jr — 2V^-*, 
where p, q^ -'are distinct odd primes, then O contains one 
and only one subgroup of each of the orders 2*| p^, ^, •••, 
and is the direct product oi these subgroups. And these 
subgroups are all abelian, excepting that of order 2* which 
is Hamiltonian. (M 42, 1407 ; M 48, 614.) 

142. For a given value of « there is one and only one sub- 
group of order 2*. It contains 2*~* — 1 (self-conjugate) 
elements of order 2, and 2* ^ 2*~^ elements of coder 4. 
These last elements are each permutable with half the de- 
ments of the group and their second powers are equal. 
(M 42, 1408«; M 48, 614.) 

148. Buch a group contains 2**^ quaternion subgroups. 
Their cross-cut (of order 2) is the commutator subgroup. 

M 42, 1408 ; M 48, 616; M 46, 819*. 

144. The commutators of a Hamiltonian gronp are of 
order or 2. (Dd 1, 667 ; M 48, 616.) 

146. All these commutators occur in the oogredient sub- 
group. (Dd 1, 668 ; Al, 148.) 

146. The group is the direct product of two abeUan sub- 
groups and a quaternion group. 

Dd 1, 660; M 46, 818 ; Bu, 228. 



12. TRANSITIVITY 

147. If by means of the substitutions of a substitution 
group any mark can be replaced by any other the gronp is 
termed iranntive. Otherwise it is ttilnifufttM. 

Rf, a, 249 C« first class '' -^ intransitive) ; Ch 4, [294] ; 
Bt 8, 9  ; J 1, 181 ; 8, c, 818 ; 8, e, 340; J, 29 ; Ja 1, 290; 
Ft, 266; N, z, 232; Dy 3, 83 ; N, 68; NC, 70; BD, 260; 
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y, 88; Po,4(»; W, c,628; B, 140; Bi, 20; Bo, 212; JSf, 
a, 867. 

148, The nrnnber of sabstitations of a tnuusitiYe group 
that change a given mark m^ into a certain other mark 
eqoalfl the order of the Bubgronp foimed by all the enbetita- 
tions that do not affect x^. And the order of this last 
subgroup equals the order of the group divided by its 
degree* 

Ch4, [296]; 1,294'; Ft, 267; N,70; NO, 72; BD, 808; 
y, 179; B, 140; N, a, 861. 

149. A self-conjugate substitution of a transitive CT* is of 
dass fi and is rq^nlar. (NO, 82 ; B, 144.) 

Note. A self-conjugate subgroup of sudi a group is evi- 
dentiy of class «• 

160. Every transittve GF" contains at least n — 1 substitu- 
tionsof dass ti. If it contains more it contains also substi- 
tutions of a lower dass. And conversely. 

Oh 6, [893]; J 24,862; N, 71; NO, 86; F2, 294; B, 141 ; 
N,a,868. 

161. These substitutions of dass n form in themselves a 
transitive system* 

N2, 66; NO, 86; M 9, 77. 

162. If two transitive groups of degree n have all fhdr 
substitutions of dass n in common, then they differ only in 
their substitutions of dass a <- 1. 

N 2, 62* ; N, 72 ; NO, 87 ; F 2, 296 ; M 9, 77. 

168. If 6 is transitive the number of undianged maiks 
in an its substitutions is g. And conversdy. 

F2, 287; M9, 76; B, 166. 

Note. In other words, the average dass of the substitu- 
tions of a group of degree a is a — 1. 

164. If jE'is the cogredient subgroup of 6**, then k equals 
or divides n. (B, 146.) 

166. A transitive group of prime dq^ree cannot have 
more than one composite composition factor. (M 36, 278.) 
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18. INTRANBITIVITT 

166. The marks of an intransitive group can be arranged 
in BetB, in each of which the marks are transitively con- 
nected. 

C!h4,[296];OhlO;Htl,lM9;Jl,132; J,30; Jal,29S7 
Ft, 267; N, 68; NC, 70; Bz 1, 195; W, c,524; B»16»; 
K, 21. 

157. If these sets contain a, 6^ e, — e marks respectively 
(so that naBa + 6 + e+« + e) then y Is a common 
multiple of a, h^ t^ " ^ and a divisor of the product 
(al)(H)(eI)-. (el). 

Ch4, [299] ; J,^0; N, 69; NO, 71 ; B, 159; Bi, 21. 

168. The number of unchanged marks in all the substitn- 
tions of an intransitive group is the product of its order by 
the number of the above seta. 

F 2, 287 ; M 9, 75 ; B, 166. 

169. If O and O' are two substitution groups with entirely 
distinct marks, their direct product is an intransitive 
group. 

Ch4, [297]; N, 102 ; NC, 112 ; Bsl, 196 ; B, 161 ; M&7, 
291. 

Note. If (7 is simple and if / < 2gr, then no other intran- 
sitive group can be formed from O and CP unless O*^ GT. 
(J26, 60«; B, 162.) 

160. If an isomorphism of any kind can be established 
between O and CP the multiplication of every substitution of 
O by the corresponding one or more of GP will form an 
intransitive group and to every isomorphism establishable 
between the two groups there corresponds a distinct intran- 
sitive group. This method with that of no. 169 gives all 
possible intransitiye groups derivable from O and CP^ 

J 26, 48«; N, 102; NO, 112; Bs 1, 200; B, 161; K 
67, 291. For a complete discussion see Bs 1. 
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14. PRIMirrVlTT 

161. If the marks of a transitive group can be divided 
into systems in snch a way that each sobstitation of the 
groop replaces all the marks of every system either by the 
same marks (in some order) or else by all the marks of 
some other qrstem the group is said to be tmpruatlive. 
Otherwise it is frimiHte. 

Bf, a, 249 (''second'' and ''third'* "classes''); G 1, 
11 ; G 4, 58; Cai 4, [311]; Bt 2, 68; Bt 8, : J 1, 188, 
188; Kil, 306; J 18, 267; J, 84; Pt, 264; Dy 8, 88; N, 
77; NC, 74j BD, 802; V, 181; Pc,464; W, c, 524; B, 
171 ; Bi, 27 ; Bu, 212 ; N, a, 866. 

162. If three marks are chosen in a primitive group the 
group contains a substitution replacing one of these by a 
second and another by some fourth mark. Oonverselyy a 
group with these properties is primitive. 

Bu, 1 ; NO, 78 ; B, 184. 

168. The subgroup referred to in no. 167 must affect every 
mark ezcqit s^. (Bu, 8.) 

164. A primitive group cannot have a self-conjugate in- 
transitive sulq;roup. 

Bf 1; Jl, 188*; J, 41 ; NO, 82; BD, 802; W, c,668; 
B, 187 ; Bu, 220; N, a, 868. 

165. If a primitive CP contains a subgroup of lower degree 
(JET") then O contains a subgroup of degree n — 1. (NO, 04. ) 

166. Then on one determined mark of O and a — 1 other 
marks arbitrarily chosen a subgroup can be constructed 
similar to H. (Bu, 5 ; NO, 91.) 

167. If a primitive group is soluble its dq;ree is a power 
of a prime. 

O 1, 11 ; Bt 2, 71, 107 ; J 1, 190; J 6, 125; J 6, 271 ; 
J, 898; N, 282; NO, 298 ; B, 192; Bu, 225. 

168. If &e degree of a primitive group is twice a prime 
the group is simple. (M 86, 279. ) 
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160. If a primitive groap oontains a transpoeitioii it is 
syiumetno* 
8, 0,317*; 8,6,844*; N,80; NO, 91; W, 0,639; Bi«28. 

170. If a primitive group oontains a drcolar substitution 
of order three the group is alternating or ^ymmetria 

8, e, 317*; 8, e, 344*; N, 80; BC, 91; H4, 63*; W/o, 
541 ; B, 162*. 

171. If a primitive group of dq;ree n oontains a primitive 
subgroup of degree m then ms^f a. 

N 2, 48*; Su, 7*; NO, 98*; B, 199. 

172. If a primitive group of dq;ree n oontains an imprimi- 
tive subgroup of dq;ree m then m^^n unless «■■ 2«. Then 
mi^in. (Mg.) 

178. If a primitive group of degree n oontains a trand- 
tive subgroup of prime degree p, then a»p, p + 1^ or 
p + 2. (M 84, 141.) 

174. If Of of degree n, is not alternating or qrmmetriOi 
and if 2, 3, 6, -p are the distinct primes less than f n, then 

^^^-fTT-^ (B, 199.) 

2 *o *0 —p. 

176. The number of primitive groups of a given class 
is limited (J 21, 408) as is the order of a primitive group 
of given dq^ree. 8ee J 21 ; J 24 ; J 28; J 29; J 80 ; N 5| 
384 ; Ml, 9. For primitive groups of class a — 1 see HI, a, 
49 ff; Mill; Ml 16. For class n — 2 see Ml, a, 70 ff; Ml 
18. For other dasses see Ml, a, 102 fl; Ml 14; Ml 20. 
(In these multiple transitivity is introduced— of. no. 210.) 

16. BEGULAB GB0XJF8 

178. If the dq^ree and order of a tranritive group are 
equal the group is termed regtdar. 

I>y3,86; NO, 110; Bz, 81 ; B, 24 ; H, 606. Used by aU 
others* 

177. Every substitution of a regular group of degree n is 
regular and of class a. 
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J, S8 ; N, 99; NC, 110; F 4, 180; V, 180; B, 24. 

178. A regular groap contains one and only one subetiita- 
tion replaciDg a given element by a prescribed element. 

J, 68; N, 99; NC, 110; V, 180; B, 28. 

179. A rqpilar group of composite order is imprimitive. 
Ft 1, 165; NC, 110 ; F 4, 180; B, 178. 

180. Two simply isomorphic regular groups are similar. 
J, 59; N, 99; NO, 110; M 80, 239 ; M 86, 68. 

181. Corresponding to every regular group B there is a 
second R^ simply isomorphic to R and absolutdy permu- 
table with it And any substitution on IPs marks that is 
permutable with all its substitulions is in JP. 

J 1, 168*; J, 60; Ft 1, 160; Ml 1, 124 (with an extension) ; 
B, 146; M 30, 286. 

182. dv (JB, R') is the cogredient subgroup oi R and also 
of R\ If R and R' are abelian they coincide. (Ft 1, 163; 
B, 146.) 

188. If R and R' are simple then {/i, R'\ is primitive, 
and has composition-factors r, r. (Ml 1, 131.) 

184. A transitive group of d^ree n and class n — 1 con- 
tains a regular subgroup of degree n. 

B 17, 240* ; F 17, 1226. Gf. F 20 for an extendon. 

16. IMPBIMmVITY 

185. If the marks of an imprimitive group can be divided 
into systems in two distinct ways, then a third division is 
obtained by taking from each system of one division the 
marks that are found in one system of the second division. 

J, 34; N, 77; NO, 76; B, 186. 

Note. J, 34 adds that a fourth division can be found by 
uniting the systems of the first division that have marks in 
common with one of the second division, and from this de- 
velops a concept '^ factors of imprimitivity.'' But the dis- 
cussion (reproduced in Ja 1) is not general as is shown 
in J 23 and very elaborately in Ft 2. In the latter paper 



■--..\ 



lAfe>X-.. .'%.'-- ■^■^■m-^-- • — tm» -jtj^^j* M y -. -•■4 ^- . , , *.• ^ .."■■» t»... irf< jAJWAi ^V*» *». 



ABSTRACT OBOUPS AND 8UB8TITVTI0N OMOUPS 69 

the conditions for its troth are fully devdoped. Cf . Wk; 
B, 186; Ba, 212 ; Lm 1, 1S& 

186. Every imprimitive group contains at least one sub- 
stitotion that effects a simnltaneons interchange of all the 
qrstems of imprimitivily. (N 2, 66; NO, 86.) 

187. If an imprimitiye group O has a self-conjugate in- 
transitive subgroup H^ then the systems of intransitivity of 
H are the qrstems of imprimitivi^ of O. 

NO, 82; W, c, 668; B, 187. 

188. If an imprimitive group O has pl systems of imprlmi- 
tivity, on these systems as marks a transitive substitution 
group ff can be constructed that is isomorphic to O. 

Ft, 267 ; Dy 8, 90; NO, 82; F 4, 170; B, 187 i Lm 1, 186. 

Note 1. If 6 contains substitutions that interchange ele- 
ments within the systems but not the systems this isomor* 
phism is multiple, g^<gf and O is composite. Otherwise 
g'm^g. (Dy 3, 94 ; Lm 1, 186. N, 94 is incorrect.) 

Note 2. If O is perfect O' is perfect. (M 86, 278.) 

17. MULTIPLE TRANSITIVITY 

189. If by means of the substitutions of a substitution 
group any set of i marks can be replaced by any set of I pre- 
scribed marks the group is termed t-fold transitive. 

Oh 7, [418 1Q ; Mt, 16; J 1, 131 ; 8, c, 818; 8, e, 840; J, 
29;Pt, 267;N, 72;NO,72; I>y8,84; B, 148 ; Bi, 22 ; Bn, 
214 ; N, a, 361. 

Note. < is termed the iI^TMi^fraMitmty. 

190. The symmetric group of degree n is ti-fold trandtivti 
the alternating group is (n — 2)fold transitive. 

8, c, 314 ; 8, e, 341 (error in both for symmetric group) ; 
J, 66 (error for alternating group) ; N, 78 ; NO, 78 ; F S, 
292; B, 163; », 22. 

191. If O is <-fo1d transitive then $ri-n(n — l)-(ii«-l 
+ l)p^f where ^ is the order of the subgroup formed by fihe 
substitutions of O that leave I prescribed marks unaflteted. 
And O contains substitutions of classes », n — 1, ••» — I + 1* 
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8, 0, 816; S, e, 841 ; Mt S, 14; J 29«; Ft, 258; N, 74; 
NO, 74; Ob 1,472; F2, 290; B, 148; Bi, 22; N, a, 862«. 

192. Snch a sabgronp of order m is eelf-oonjagate in a 
Bubgroap of order M • /k. (B, 148.) 

193. Q coDtains at least ^— 1 sabetitatioDB of a cbus 

greater than n — I. (Ob 1, 474.) 

194. If /I > 1 contains m — 1 snbstitntions of adass not 
greater than n — <• (B, 149.) 

195. If ^ B 1 G is of classn — • I + 1 And there is only one 
snbstitation in O that will replace a given set of i marks l^ 
a prescribed set. (B, 149.) 

196. Let O be known to be at least r-fold transitive. If 
it contains an «-fold transitive snbgronp of degree n^^r^ 
then O is at least (r + O-'old transitive. (Pt, 266; NO, 
87;F2,290.) 

Note. A method to determine whether a given 1-fold 
transitive group of order g and d^ree n is contained in a 
(I + l)-fold transitive group of order (n -f 1) 9 and dq^ree 
n + 1 is given in J, 80 ; B, 160. 

197. If a primitive group Q contains a transitive sub- 
group J7of degree «i then <? is at least doubly transitive. 

N, 84; NO, 96; B, 198. 

198. If H in the above is primitive then Q is at least 
(» — m + l)-fold transitive. 

N 2, 48 ; N, 84« ; Bu, 6; NO, 92; B, 197. 

199. If O is doubly transitive and g «■ n{n — 1), then % 
is a power of a prime. (J 24, 868.) 

200. If O is e-fold transitive (2 < < < n), a sQlf-con jugate 
subgroup is in general at least (Jt — l)-fold transitive. But 
a triply transitive group of dq^ee 2* may have a (simply 
transitive) self -conjugate subgroup of dq;ree and order 2*. 

J, 66*; J26,69, 70; Pt, 261; B, 189. 

201. If < > 1 6 is simple or contains a simple self-conju- 
gate subgroup. To this there is an exception as above and 
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also for adonbly tranatiye groap whose dq;ree is a power p^ 
of a primey sadb a groop haying possibly a (composite) self- 
conjagate sobgroap of order />*• (B, 192.) 

202. If two groups of the same degree » and more than 
doubly transitiYe have all fheir sabstitntions of dass n in 
oommoni then they are identical. 

K 2, 53; Gsl, 476«; F2, 295. 



18. CLASS OF A GROUP AND DEGREE OV 

TRANSITIVITY 

Note. In what followB, % » the degree, «t «■ tiie elaes, 
i at the degree of tranativity of the group. And the group 
is neither alternating nor qrmmetrio. 

208. %>L 

Mt8, 17; J, 64; I%258; F2, 297; H, 28. 

204. «>2< — 8. 

J, 64«; 1% 259«; N, 75*; Bo2, 88; NC, 88; F2, 298; 
B, 152. 

205. If <>1, «>!«— 1. Ul>2, «i>|fi — 1. ni> 
3, tt>|n — 1. (Bo 6, 179.) 

206. If <> 1 then « is greater than the lai^st of ^w, v^ 
in — ^/fk Andif «>8thenfi>|n — }%^fi. (Bo8,148.) 

207. If p is any prime and if a— potft (i>2), then 
tjih. 

J, 86*; J26,42; J28,958; N2,50; M 84, 142. 

208. Orif n-2p-ft'(ft'>2), thenl^ft". (J26,48«; 
M 84, 148.) 

209. Or, if J is any number prime to /» let n — j^Hy  L 
Then ijil unless (a) l<5,— or (J) I^j,— or («) a very 
special case.* (J 26, 50 ; J 28, 958.) 

*If G is a Milignmp of lbs linesr group of degree ]i* and if O oontalae 
a iMtor group siinpl j ieomorpliio to Ihe sltematixig gnmp of degree 1^ 

thenl-.e>^ + 8. 
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210. This Bobjeci has been extensively studied and very 
dose limits have been determined bat the results are often 
too intricate for any but the special student. Bee J ; J, 
29^7; J 21; J28; J 29; JSO; all of Bo; F2,296seq.; 
Bn; Mg; J82; dSS. 

211. The dosest limit for I in groups of high deg ree is 
that of J 82. 87, vis.: Iog{n'-t)i^{l + e)\og2s^i\ogi, 
where e approadies zero as I increases. Here n > 7. 

212. There exists a group with n ■> 12| < «> 6, and in this 
group the ratio < : n is a maximnm, 

Mt4,270; J, 88; NC, 89; the group lists. 

19. ATJTOMOBPHIBM 

218. Let the elements of a group be arranged in two 
orders. If these two arrangements are sudi that in them 
corresponding pairs of elements have the same law of 
combination they are said to define an uomorp/itna of ike 
group. wUh itadf or, more briefly, an aicicmioip&ina. Each 
automorphism defines a substitution on the elements of 
group as marks and the totality of sudi substitutions form 
the f/roup oj auUimorpkumi (or irgroup) of the given group. 

H 5, 814 and Mo 8, 61 (independently) ; F 4, 184 ; B 12, 
856 ; B, 228 ; M 80, 286 ; Bu, 221 ; F 18, 1824 ("auto- 
morphism'')- 

Note. The concept "automorphism" is used explidfly 

in Gs, 864 ; Kl, 282. 

214. If all the dements of a group are transformed in 
order by one among them the resulting automorphisms are 
termed eogredient. Other automorphisms are eoniragredieni. 

Gs, 864 ; El, 227, 282 ; H 6, 814 ; B 12, 866 ; B, 224 ; 
M 80, 286 ; Bu, 220 ; F 18, 1824 ('Mnner'' and "outer''). 

216. The cogredient automorphisms form a sdf -conjugate 
subgroup of the whole t-group, the co-»-group (say). 

H 6, 814 ; H 6, 826 ; B 12, 866 ; B, 224; M 80, 286 ; 
Bu, 220. 
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216. The oo-t-gronp of » dired prodnot to the direci 
prodnot of the oo-i-gronpe of the factors. (M 48, 29i*) 
And, conversely, if the coH-gronp is the direct prodoct q( 
two snbgroops of relatively prime order, then the gronp 
is the direct product of two sabgronpe. (M 60, 89,) 

217. If f is the oogredient subgroup of O then tiie co4- 
gronp of O is simply isomorphic to 0/ A 

B 12, 867 ; B, 226 ; Bn, 220. 

218. Automorphisms that are found in the same adjunct 
group to the co-t-group are said to bdong to the same dam, 

H e, 826 ; B, 224 ; M 80, 287. 

210. The direct product of Oanditst-group (represoited 
abstractly) is termed the kolommfh of O. 

F4, 186; B^228; Bu, 221. 

Note 1. Every automorphism of O can be obtained by 
transforming O by an element of the holomorph. (F 4, 
186.) 

Note 2. Bu, 221, note 108 is not accurate. 

Note 8. The automorphism I^OS may be represented by 
{!). If J?isintiiegrouprthen(X)issaid tobeinA (F 
18, 1824.) 

220. A subgroup of O that corresponds to itself in every 
automorphism of O is termed eharaeterUiie, ^ 

F 4, 188 ; B 12, 867 ; B, 232 ; M 80, 286 ; Bn, 221. 
Note. Such a subgroup is self-conjugate in the holomorph. 

221. A group that has no characteristic subgroup either 
is simple or is the direct product of simply isomorphic 
simple groups. (B 12, 860 ; B, 282.) 

222. If a series of characteristic subgroups of a gronp is 
formed, analogous to a chief-composition series, this s^es 
is termed tharaderuiie^ and its factor groups are invariable 
(except as rc^;ards order) however the series is taken. 

F 6, 1027; B, 282; Bu, 221. 

Note 1. For the formation of such a series when p «■ jv* 
(p B a prime) see F 6, 1028; B, 288. 



^mmmmmmm 



mmmm 



mmmmtmfmmmmmm 






..a,.. *a..^* .*...^-^^*--«k.Li«**JAi«i»i«i* 



74 AB8TBACT QR0UP8 AND 8UB8TITUTI0N QB0UF8 

Note 2. ^y self -conjugate sabgroap of a nniqae type is 
characteristic. E. g.f tiie cogredient sabgronpt the commo- 
tator sabgroup, etc. 

223. A groap that contains no self-con jogate element 
(except 1) and that admits of no cogredient automorphism 
is termed eompbfo. 

H 6, 826 ; B 12, 863 ; B, 236; M 30, 242; Bn, 221. 
Note. The holomorph of a complete O is of order ^. 

224. If a group O contains a complete group H self- 
conjagately then O is the direct product of JJ and a sub- 
group simply isomorphic to 0/H. 

H 6, 825; B, 236; Bu, 221. 

226. The symmetric substitution-group of degree n is 
complete unless n «■ 6. (H 6, 846 ; B, 246.) 

226. An automorphism that is defined by a correcfpond- 
ence between each element of a group and the a-th power of 
the same element is termed an a'-holomarphiim. If a group 
admits such a holomorphism then the (a — l)-8t power of 
every element is self-conjugate and an (a — l)-holomor* 
phism is also possible. (Yn 1, 186| 187.) 

227. The automorphisms of a substitution-group present 
a slightly greater difficulty than those of an abstract group, 
inasmuch as no. 219, note 1 does not hold. For a dis- 
cussion see M 24 ; M 80; M 81. 

20. BEPBESENTATION 

Note. Maillet (Ml, a, 31 ; Ml 9, 86) has introduced the 
term uamorph to describe a group isomorphic to a given 
group. (The isomorphism is simple unless otherwise 
stated.) A substitution group that is an isomorph of a 
given abstract group is said to represent the group. 

228. Every group O (abstract or otherwise) has a rc^lar 
simply isomorphic isomorph Jt. 

J, 57; Cp3,45; Dy 2, 80; Dy 8, 86; N, 99; NO, 110; 
Ft 1, 144; BD, 260; F 4, 180; M 18, 265; B, 22. v 
"> . • 
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229. Oorresponding to every subgroup H ot O there la a 
dividon of the g marks ot it into gjh systems of impriml- 
tivity. And conversdy. 

Dy 8, 89; li^ 1, 148; Ml, a, 10; B, 178. 

280. If IT is not self-conjugate and contains no self-con- 
jugate subgroup of Of then O has an isomorph, transitiTe 
and of degree g/h. And, converselyi if O has such an 
isomorph it contains such a subgroup. 

Dy 8, 91 ; Ml, a, 12; F 4, 180; B, 176. 

281. If this subgroup JJ is contained in a larger subgroup 
ff then this isomorph is imprimitive and contains g/V qrs- 
tems of imprimitivity. And conversely. 

Dy 8, 94 ; Ml, a, 18; B, 176; M 86, 67. 

282. The number of distinct transitive isomorphs of a 
given group O equals the number of syiitems of subgroups 
of O that satisfy the two following conditions : % 

1. Each system includes all subgroups that can be 
brought in correspondence in any possible automorphism 
d O. 

2. A subgroup that belongs to such a system includes 
no elements generating any self-conjugate subgroup. 

All these isomorphs can be obtained directly from flie 
given O. (M 24, 216; M 86, 66.) 

288. If a divisible group O has a primitive isomorph, 
then O is the product of but two factors, whidi are simply 
isomorphic simple groups of composite order. And con- 
versely. The representation is unique and is of degree v^ 

Ml, a, 81 ; Ml 1, 181 ; B, 190; M 60, 70. 

284. For multiply transitive isomorphs see M 61, for in- 
transitive isomorphs see F 4, 188. For multiply isomorphic 
isomorphs see Ml, a, 14 ; F 4, 179 ; M 86, 280 ; M 41, 86. 

236. A convenient method of obtaining an isomorph Is 
by transforming all the elements or subgroups of a com- 
plete set by all the elements of the group in order. The 
isomorph obtained will be simply isomorphic when and only 
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when the group contains no self-conjugate dement. This 
method reduces in theory to one of the above. 
GoO, 195 ; F 4, 182 ; B, 178 ; Gf. D 29; D 30. 

21. THE INDEX NOTATION 

236. A substitution may be represented analytically by a 
formula defining the relation of the final value of the index 
of each mark to its initial value. 

cat 8, 232; Bt l, 8; Ht 8, 750; Mt 6, 115; all later 
writers. 

237. If I fy ^(f ) I represents a substitution, then f (s) » 

1, 2f — fly in some order as i » 1, 2, — n. (Ch 13, [466].) 

238. A formula can be found to represent any given sub- 
stitution -^ Lagrange*s interpolation formula, e. g. But the 
determination of dU such formulo has not been accom- 
plished. Gf.D| 54-71. But: 

289. The necessary and sufficient conditions that f (s) 
shall represent a substitution of degree p* are: 

1. If < <p* — 1 and is prime top, then every ^•th power 
of f{») shall reduce to a degree <f^ — 1 on applying the 
congruence tf^mn (mod j^). 

2. There shsll be one and only one root of f (s) as 
(mod 1^. 

D 2/ 73; D, 50. For a — 1 in Ht 3, 751; 8, c, 358; 8, e, 
385; J, 89; N, 148; NC, 161; BD, 306. For various special 
forms see Bsc; dP; Gr 1; Or 2; Bg 2. 

240. Forn«> 5| see Ht 3, 752; Bg 2, 45 and the abovCi 
forn — 6 see Bt 5, forn«t 7 see Ht 3, 753; Bsc, Bg 1; Bg 

2, 46, more generally in D 1, 218; D 2, 119; D, 63. 
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TABLES 
1. IhsTmoT Abstbaot Gbodi* 



Order: 


2 S 4 6 6 7 


8 


9 10 11 12 19 U 16 


Knmber: 


112 12 1 


6 


2 2 16 12 1 


Order: 


16 17 18 19 20 21 


22 


28 24 26 26 27 28 2» 


H'omber: . 


U 1 6 1 6 2 


2 


1 16 2 2 6 4 1 


Order: 


80 81 82 83 34 86 


86 


87 88 89 40 41 42 48 


Nnmber: 


4 1 61 1 2 1 


14 


1 2 2 14 1 6 1. 


Order: 


44 46 48 47 48 49 


60 


61 62 68 64 66 66 6r 


Number: 


4 2 2 1 62 2 


6 


1 6 1 16 2 18 & 


Order: 


68 69 60 61 62 68 168 


• 


"Svaahee: 


2 1 18 1 2 4 


67. 


- 



1-36 in M 12, 86-47 in M 18, 48-«8 in M 44, M 46. 168 
in M 86 ; H 91. 

For 16 see M 12, for 82 see Bg 8. Lists 1-12 in Kp, 87- 
48 ; C 18. Earliest lists in 1; C 8. 

2. Distinct SuBsnTunoir Oboups 
8 4 6 6 7 8 



Degree: 

Multiply transitiye: 12 8 4 4 7 

Oiher primitive: 

Imprimitive: 



9 10 

9Co7 70o» 

10 2 8 2Co7 20o» 

8 12 48M67 28 0o7 86 M 4 



Intransitiye: 2 8 21 83 150 


224 M2994MS 


Total: 2 7 8 37 40 200 


258 1039 


1 

Degree: 11 13 


13 14 


Multiply tranritive: 5 Go 9 6M 8 


4M26 4M26 


Other primitiTe: 3 Co 9 OM 8 


6M26 0M26 


ImprimitiTe: — 298 H 26 


— 69 M 26 


Intrandtive: 1492 ML 2 




Total: 1600 
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16 16 17 18 

Multiply tnuisitiva: 4M27 15M28 6M66 4Mit 

Other primitiTe: 2M27 7M28 4M66 0Mit 

ImpiimitiTe: 98 Ka 

Othbb Sbfbbbhobi: 

3. Ch 16; Ki 6; Vr; As 1; C 19. 

4. Ch 16; S 3; Ck; Ki 6; Yr; As 1; C 19. 
6. Ch 16; S 3; Ck; Ki 6; Vr; As 1; C 19. 

6. Ch 16; Ki 6; Vr; As 1; C 19; Co 6; Co 7. 

7. Mt I; Ki 6; As 1; C 19; Co 6; Co 7. 

8. Mt 1; Ki 6; As 1; C 19; Co 6; Co 7; M 1; M 2. 

9. Ki 6; As 8 (tr.); Co 6 (tr.); M 2. 

10. Ki 6; Co 9 (tr.); M 62 (pr.). 

11. J 26 (pr.). 

12. J 26 (pr.); M 8. 

18. J26(pr.). . 
14. J 26 (pr.). ' 

16. J 26 (pr.); Mrt (impr.). 

16. J 26 (pr.). 

17. J 26 (pr.). 

19. J 81 (tr.). 

8. SoitUBUC Fbuotivs Oboum 

Degrae: 8 4 6 7 8 9 11 18 16 17 19 23 
Nomberr 228427 4 6 10 6 6 4 
8eeM28. 

4. iroNH90i.iiBiiB Abstract Gbovps 

Order : 60, 120, 168, 180, 240, 300, 336, 360, 420. 
Nomber: 1, 8, 1, 1, 8, 1, 8, 6, 1. 
No otiiers of order < 480. See H 6, 420 ; B, 876. 

6. Pbuotitb Obovfs of Odd Obdbb 

If the self-oonjagate sobgroaps of the metacydic gronp 
are excepted, the only sndi groups of degree < 248 are those 
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of orders 26 -8, 27 18, 27 -39, 81 -6, 121 -8, 121 -16, 126*81 
126. 81 -8, 169 -7| 169 -21. Their degrees are the first fso- 
iors of their orders. (Bs 1 ; Bs 2.) 

6. Types of Gboups of Giyxn Qbdeb 

The followiDg table gives on the left the at)Btract groaps. 
of each type and on the right the additional transitive snb- 
stitntion groups. In the substitation groaps n is the degree. 

(a). 9— y. 

2 types, boCh abdiMi. N<mi«. 

N, 186; NC, 148; T; CM}, 

192; H6, 802. 

(6). g - ptCp < j). 

1 abdiaa. K<m«. 

1 non-«beli«i if p divides 1 if p divides f— 1. 
,-1. 

N, 183 ; NO, 146 ; OoG, 198; M 16; M 18. 

H6, 808. 

(«). 9 — 1^. 

8 abeliaa. Kone. 

2 non-abdiui. lif j»» 2, 2ifp>2. 
T; Ck>G, 196; H 6, 871; M 16; M24. 

B, 87; IBg, 2, 168. 

2 abdiaa. None. 

Non-abeUans: 

8ifp — 2. 8wi«li» — 9*,lwiih»*pf. 

i(p + 6)ifi>>2anddiTideB | (p + 6) wiCh n^^, i 

}— 1. (p + 1") yiilh n '^ pq, 

ZUgmml2. 1 wi«h n -1 4, 1 wilih » * 6. 



1 if p > 2 and divides q+1. 1 witb n >■ )^, 1 with »^pq. 
2ifj>>8, p — 1 is divided 1 witb n ""Pf. 
by q but not ^. 
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3 if p — 1 is divided by ^. 2 with n^pq^l with n asp. 
OoO, 200, 209; H6, 886. 

(«). Jf — «r(p>g>r). 

I abdiaa. None. 

Non-abdians : 
(a), r divides 9 — 1: 

r+ 3 if } and r divide 1 withnsji, 2 withn^^jpr, 

p — 1. r + 2 with n « pj. 

2iff divides, r does not Iwithii apr, 1 withnapg. 

dividep — 1. 
r+ 1 if r divides, ; does r + l with n«*pg. 

not divide p — 1. 
1 if neither r nor ; di- 1 with n^fq. 
vide ji — 1. 
(i9). r does not divide ; — l: 

3if jandrdividep — 1. 1 with nnp, 2 withnapr, 

2withimp9. 
1 if ; divides, r does not 1 with n^^jr. , 

divide p — 1. 
1 if r divides, q does not 1 with n^^pq. 
divide p — 1. 
CoO, 215 ; H 5, 361. M 21 ; M 24. 

(/). ,-8p(p>2). 

3 abelians. None. 

N<m-abeUans : 
12 if 8 dividesp — 1. 1 with n »p, 2 with n » 2p^ 

9 with n  4p. 

II if 4 divides, 8 does not lwithn«2p,8 withn«^. 
divide p — 1. 

9 if 4 does not divide p — 1. 6 with n — 4p. 

12 if 9— 24. 1 with n » 4, 3 with n — 6, 

3 with n» 8, 10 with n 

-12. 
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lOity — 66. 

M 17 ; M 18 ; Ws. 



1 wi«h A — 8, 1 witii « — 14, 
7 with* — 28. 

M28. 



(y). 9 » 16. 



6 abeUao. Kone. . 

9 non-abeliMi. 6 with n v 8. 

T; H 5, 371 ; B, 87 ; Bg 2, M 23. 

168. 

The following tables give only abstract groaps : 

(*). y-p«(p>2). 

6 abelian, 10 non-abelian types. Y; H 5, 871; B, 87; Bg 
2, 168. 

Sabdian. 

Non-abeliaa : 
12 if J » 2 (M 44). 

J>2. 

(a), p + 6 if p divides, jf does not 'divide f — 1,, - 
p + ZVtj? divides, p* does not divide q — 1. 
p + 9 if j>* divides ; — 1. 

if)' i (9* + 13 9 + 48) 1 if 9 divides p — 1 /{or< + l. 
I (9* + 13 9 + 62) J and 3 divides 

4 if J divides p + 1. 
8 if 9 (> 3) divides It* + j> + 1. 
(r). - 2 in aU other cases. 

All in Ws. 

(i). jr - 82. 
7^abelian, 44 non-abeliMi. M 12; M 46; Bjt 3. 



f jorj 
1,-1. 



7abeliaa. 



(*). *-J^(P>2). 
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Non-abelian: 
59ifp-iS 

2 p + 58 if 12 diTidesp + 1. 
2p + 60 if 12 dividesp — 6. 

2p + 62 if 12 divides^ + 6* 
2p + 64 ifl2 diTidesp — 1. 

AU in Bg 2. 

7. SiMPLS Gboups 

All gronpB of prime order are simple. Otiierwise if 
S < 2001 y then 60, 168, 360, 504, 660, and 1092 are the only 
orders for which simple groope exist. 

G 5, 26 (1-60); H 4 (1-200); C!o 3 (201-500); Co 4 
(do.-660); B 9 (661-1092); ML 1 (1092-2000). 

No simple group of odd composite order is known. If 
such a group exists its order is not less than 40,000 (B 20), 
its degree (when represented as a substitution group) is 
not less than 243 *(Bz 2, cf. M 75 ; B 19). 

If the order of a simple group is even that order is 
divisible by 12, 16, or 56. (B 9, 332 ; B, 365.) 

8. COMFOSITB AND SOLUBLS GbOUFS 

If the order of a group has any of the following values 
the group is composite. And unless the order is marked 
with an asterisk the group is soluble, p, 9, r, denote dis- 
tinct primes, |>„ j>g, •• distinct primes in ascending order of 
magnitude. 

pq or pjr. (H 4, 61.) . . 

g contwis no quadratic factor. (F 3, 342 ; B 8, 196 ; 
W, d, 140 ; B, 353. Cf. H 7 ; F 6, 1043.) 

*g contains less than six prime factors {g « 60, 168, 660, 
and 1092 excepted). (B 8, 214 ; F 6, 1042; B, 367.) 

r^q. (F 3, 340 ; F 4, 185; B 8, 210; B, 348; W,d, 145.) 

p^. (B 8, 210* ; B, 348 ; J 83.) 

*pVi^. (Soluble except for certain small values of q.) 
(Ml 16, 268.) 
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f^f where if p appertains to m (mod g) then « < 2m. 
(F 3, 3U« ; F 4, 190* ; B 8, 209*; B, 846.) 
p*fr. (F 18, 1829.) 
p\ where n is prime to p, /^ — 1.* (F 17, 1221.) 

* If p divides g and • is the greatest factor of g that is 
ss 1 (mod p) while $ I is not divisible by g. (H 4, 67 ; B, 
344.) 

A Vt ft V. P.V>/- (P 3, 844* ; B, 848.) 

ViPtP^t unless jf « 2* • 8 • 6«. And O is componte then. 
(F 6, 1042.) 

mpr^q where m has no quadratic factor and la^(ia) is 
prime to pq. (F 4, 192.) 

PiPf "P^iP.^ or p,jp, -p^tP^^Pn^- (F 8, 844.) 

"^PiPt-P^ *l>i!Pf -P-rf^-iP. (i' l>t+3) « *PiP^r (B 
8, 20C^210.) 

9. Ststems of Sihplb Gbouvs 

The earliest of such systems is the so-called '* generalised 
modular group" discovered by Mt 3, 38-40 and rediscovered 
by Mo 2 and B 6; B 7. It is included in 1 and 2 below. 

1. LF(m,p«). y-l/d(p--l)jp«<-^»(p»<-^-l) 
/>"*•"**— (/>•" — l)ji*, — ^where ^•>3if »"»2 and where 
d«dv(m,j^— 1). (D 2, 176 ; D, 87.) 

2. HO{m,f^). flr«W[p--(-l)-]p^— '>[p^— «- 
(— 1)— ■Jp"*— ">-[>**-l]p",— wherep">8 if m — 2or 
p">2 if m^Z, and where /»dv(m,|r + !)• (I> 18, 
574; D, 134, 138.) 

3. ^(2i»,p"). g - 1/a (p-<«-> - l)p^-" (p«<*— « — 1) 
p*<*— •>-(p*' — l)p", — wherep*>8 if m— 1 or|^>2if 
m s 2, and where a » 1 if p ■- 2 or a » 2 if p > 2. (D 8, 
173; D, 100.) 

4. JF0(2m + l,p-). y-i(p*<*">-l)p^-«(pP^-* — 1) 
p***— •* ... (pi» _ i)p«— wherep > 2 and, for «!-• 1, p^> 8. 
(D7*; D9*; D 11, 256; D, 160.) 

* If O ooDtsins s linear Bobgroap of order ji* then n masl be prime Is 
j><+p + lMwell. 
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6. J'0(2m,j>-). jr-JO-«»— »>-^|^— '>](p-<*— ^-1) 
p"<^"*' - (p** — 1) ;>•, — where p>2 and w>2, while 
« » d= 1 according asji^ » 42 db 1. (Ab above.) 

6. SO {2m, jT). jf - J [>-<»—») + e-p"<— »)] (p-<»— d _ i) 
J'''^"""*-(P** — l)l>*i— where |>>2 and m>l, while 
e^±:l according a8|>* »■ 4Z =b 1. (As aboye.) 

7. Fir (2m, 2-). ^ - (2- - 1)(2»^— *> - 1) 2»^— « 
(2*<— «)-l) 2*^— «)...(2«- — 1) 2*^,— where m>2. (D 
4, 265*;D6,2; D8, 500; D, 206.) 

8. 8H (2fii, 2-). y - (2- + 1) (2'"<-— « - 1 ) 2*^— »> 
(2*^— « -. 1) 2«^— «) ... (2*^ - 1) 2**, —where m > 1. (D 4, 
266^; D8, 506«; D 11, 266; D, 206.) 

9. iP (y-). g^r^df^ -1) (p** - 1). (D 31, 888.) 
(The above list ia reprinted with the kind permission of 

PM>fe88or Dickson.) 

These lists with the various alternating groups- and the 
e^dio groups of prime order, give all known finite simple 
groups, with the exception of four due to M 70. 
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(For B&venl of the tiileB below as well as for other rerf 
valuable assistance I am indebted to ProL Miller.) 

Ah Ahrens (W. ) f. 1. Ueber eine besondere Klasse tou 
Snbstitutionsgnippen. Leipz. Berichtei 49, pp. 616-626, 
1897. 

An Antaieff (8. N.). 1, a. Exposition of the funda- 
mental properties of the equation of the t^th degree in their 
relation with the qrstem of n equations between the roots 
of the given equations. Moscow Society, 20, pp. 38-91, 
1898. (Bussian.) 

Brc Brioschi (F.). 2. Sur les fonddons de sept lettres. 
CB, 95, pp. 665-669, 814-816, 1254-1256, 1882. 

Fi Fite (W. B.). 7. Concerning the commutator sub- 
groups of groups whose orders are powers of primes. AB, 
9, pp. 139-141, 1902. 

Ku Kuhn (H. W.). 2. Several theorems on imprimi- 
tive groups. AB, 7, pp. 5-6, 1900. 3. Do. AB, 7, p. 116, . 
1900. 

Lv Levavasseur (B.). 4, a. f Sur les symboles d'optea- 
tions k exposants imaginaires de Galois. TIM, (9), 9, pp. 
247-256, 1897. 

Lw Loewy (Alfred). 1. Eine besondere Oattung end- 
licher discreter Gruppen. MA, 55, pp. 67-69, 1901. 

Ma Manning (W. A.). 1. On the groups of genus one. 
AB, 8, pp. 433-434, 1902. 

M Miller (G. A.). 75, a. Beport on groups of an in- 
finite order. AB, 7, pp. 121-130, 1900. 98. A method of 
constructing all groups of order p^. AJ, 24, pp. 395-398, 
1902. 99. Groups of order />** which contain operators of 
order p""*. AT, 3, pp. 383-387, 1902. 100. Second report 
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on recent progress in the theory of groaps of finite order. 
AB, 9, pp. 106-128, 1902. 

Mo Moore (E. H.). 11. A definition of abstract gronpe. 
AT, 8, pp. 485-492, 1902. [AB, 8, p. 878, 1902.] 

So Schonemann. TJeber die Beziehnngen, wdche swi- 
schen den Wnrzeln irreductibeler Oleichungen stattfinden, 
inbesondere wenn der Grad derselben eine Primzahl ist. 
Wiener Denkschrift, 1868, pp. 148-166. 

dS de Siguier (J. A.). 8. Bur les Equations de certains 
git>ope8. U, (6), 8, pp. 268-808, 1902. 

Yn Yonng (John Wesley). 1. On the holomorphisms 
of a group. AT, 8, pp. 186-191, 1902. [AB, 8, p. 197, 
1902.] 
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1. SabstttotioDt. ••••.. 

8. Oroops 

3l SnhfititnlioD groap.- ;.••..•••.••.—••••..•• 47 

4. Conjogacgr 49 

6. Multiple iaomorphlsni And qaolieni groopt.............................. tt 

0. OompoMtion terict. ^ 64 

7. Oommntatofs - 

8. Abeliao Kionps^. •• 

9. Groups whose order is a power of a prime number. —•*••• 

10. Bylow's theorem and its ezteosiona.. ••.—••••• 91 

11. Hamilfeonian groups. ^ 

12. TransiiiTity 

13. luiraositiTit^...*........................................... 

14. PrimitiTity. «. 96 
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The foUouing references are to foiragroflu : 

Abelian group, 29 Complde sel, 70 . 

Aheolute permutabililjt 89 Composite gtoupi 99 . 

Adjunct group, 90 Compoeition-fiMitorB, 89 

Alternating group, 60 Composition-scries^ 86 

Automorphintty 218 Coniugate elements^ 86 

Conjugate subgroups, 91 

Basi% 107 Contr^credient automorpbism, 214 

CktMS-ovt, 88 

Charaoteristio series, 222 Pyoles of a substilntioa,' 8 

Cbaraoteristio subgroup^ 220 C^oUo groups 27 
Charaoteristies, 70 

Chief series, 92 Degree of a groun, 44 (ot snkr) 

Ciroular substitution, 7 Degree of a snostitution, 2 (sf. 

Class of automorphinnsy 218 order) 

Class of a group, 46 Degree of transitiTitj, 189 

Class of a substitution, 2 Derived group, 101 

Cogredient automorphism, 214 Direct nroduct^ 89 

Cogredient subgroup^ 64 Dirisible groun, 40 

Common divisor, 33 Dirisorf fa and 88 
Commutat<M>, 100 

Commutator subgroup^ 101 Equation of a gronp^ 88 

Complete groups 223 Even substitution^ 18 
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Geoemtloii, 37 
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Oraphioal representatioii| 38 
Onmp, 23 

HamiltonUui fpnoapi 137 
Holomorpb, 319 
HolomorphiaoHy 396 

Idenftioal snbstitaftioii, 4 and 93 
Imprimilivitj, 161 
Index, 33 and 49 
IntiansitiTiliV, 147 
InTariant ■nbfcnmp^ 69 
Invariante, 1(I9 
Invene, 9 and 33 
laomorph. 938 
Isomorpbism, general, 74 
laomorpbism, mvUiple^ 73 
laomarphisnii ilniple^ iS 

Maximal anl^gnNip^ 80 
MetabeUan gronp^ 106 

Odd snbeiiintion, 18 

Order of a group, 94 (of. tfefnw) 

Order of a anbetitation, 9 (ot ^0- 

Perf eel gnmp^ 109 



Pennntable grouper 41 
Permntable gronpand snbsiilatlon. 



Permntable snbelitntionai 6 
PrimitlTitar, 161 
Prodnol of snbstitntiona, 6 
Ptodnol (direol) of gronpii 39 

Qoaiemion gronp^ 135 
Quotient group, 76 

Bank, 108 
Beduoed basia, 107 
Rcigular group. 176 
R^ular f ubetitntion, 19 
Representation, 298 

Self«oonjuieate anl^gronp, 69 
8et (oomplete), 70 
Similar gronpa, 67 
^imilar8nbBtitution8, 14 
Simple groups, 63 
Soluble groups^ 96 
Suhgroup, 28 
Substitution, 1 
Symmetrio int>up, 46. 
Systems of imprimitlvitj, 161 
Systems of intcansitlTi^, 166 

transformed gronpi 69 
Transformed substitution, 16 
Tkansitivit/, 147 
Thmsposition, 17 
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EBBA.TA 

Fk,/or 66-66 read 66--66. 

Os, /or MA, 17 read liA, 18. 

Hd, /or 84-76 read 84-«6. 

Hn, /or Huntingdon read Hontington* 

Kp, far 1886 reoil 1886. 

8d, far S^derbeiig read Soderberg. 

Line 7 from end, far Fl, 180, read Wl, 802. 
Line 2, /or 04 read Cai 4. . 
Line 6, far Ft, 180 read Fl, 180. 



